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Chapter I 
Introduction 



Our aim in this thesis is to study a system of equations which generahses at the same 
time the vortex equations of Yang-Mills-Higgs theory and the holomorphicity equation 
in Gromov theory of pseudoholomorphic curves. In this work wc extend some results 
and definitions from both theories to a common setting. We introduce a functional 
generalising Yang-Mills-Higgs functional, whose minima coincide with the solutions 
to our equations. We prove a Hitchin-Kobayashi correspondence allowing to study 
the solutions of the equations in the Kaehler case. We give a structure of smooth 
manifold to the set of (gauge equivalence classes of) solutions to (a perturbation of) 
the equations (the so-called moduli space). Wc give a compactification of the moduli 
space, generalising Gromov's compactification of the moduli of holomorphic curves. 
Finally, we use the moduli space to define (under certain conditions) invariants of 
compact symplectic manifolds with a Hamiltonian almost free action of 5"^. 

In this chapter we first introduce the equations studied in this thesis. Then we 
briefiy recall some of the main features of Yang-Mills-Higgs and Gromov theories and 
finally we explain the contents of each of the subsequent chapters. 



I.l The equations 

Let K he a real compact and connected Lie group, and let 6 = Lie(ii') be its Lie 
algebra. Let X be a compact connected Kaehler manifold of complex dimension n. 
Let LUx be the symplectic structure of X and A : fl*{X) —>■ the adjoint of the 
exterior product by ux- Let also E ^ X he a, K principal bundle, with the action of K 
on the right. Finally, let F be a symplectic manifold with a Hamiltonian action of K on 
the left. Let us call ujp the symplectic form of F and fi : F ^ the moment map. We 
recall that fi satisfies two properties: (1) for any s G 6 wc have dfi{s) = t/^-^ujp, where 
e r{TF) is the vector field generated by the infinitesimal action of s on F and (2) 
it is equivariant with respect to the coadjoint action of K on t*. Let ttf : ^ — > X be 
the fibred product E F. 

Let = be the space of connections on E and y — — V{T) the space of 
sections of T . 
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Let us fix a complex structure Ip of F wliich is compatible witli ujp and invariant 
under tlie action of K (such structures always exist: see lemma 5.49 in ||McDS2|| ). 
When F is a complex vector space (and Ip is the standard complex structure) there 
is a standard way to define an operator Oa '■ ^^{J-') —>■ fi°'^(J-') out of a connection 
A e and the sections $ G =5^ = il°(jF) such that 9^$ = are usually called 
(pseudo)holomorphicQ with respect to A. This notion can be extended to our setting 
as follows. Let TjF„ = Ker dirp be the bundle of vertical tangent vectors. A connection 
A E induces a splitting TjF ~ tt^TX © TjF^,, which allows to define a projection 
a : TjF —>■ TT^- On the other hand, the complex structure Ip induces a complex 
structure on the bundle TTv (here we need Ip to be i^-invariant). Then we define the 
covariant derivative (with respect to A) of a section $ G ^ to be 

dA^ = aod^ en\^*TJ^^), (LI) 

and the antiholomorphic part of to be 

Oa^ = 7r°'^c/A$, (1-2) 

where vr^'^ : ^7^($*TJF^) fi°'^($*TjF^) is the projection. These definitions coincide 
with the classical ones when F is a vector space (in this case ~ TjF^ canonically). 

Let us take on € a biinvariant metric (that is, a metric invariant under the adjoint 
action of K). Using this metric we get an equivariant isomorphism 6 ~ 6* which 
extends to an isomorphisms of vector bundles 

FXAd^^^XAdr (L3) 

(observe that we denote with the same symbol Ad both the adjoint representation on 
t and the coadjoint representation on t*). Let finally c G be a central element. The 
equations which we study in this thesis are 

Oa^ = 0, 

AFa + /i($) = c, (1.4) 

Fr = 0, 

where A G ^ is a connection. Fa G Q'^{E XAd ^) is the curvature of A, and $ G =5^ 
is a section. Observe that AFa e fl°{E XAd ^) and that /x($) G fi°(F x^d t*), so to 
give a sense to the second equation we need to use the isomorphism ( |1.3| ). Hence, the 
equations (|L^ depend on the biinvariant metric taken on t. In the third equation F^'^ 
refers to the piece in ^1^''^{qe) of the curvature 

Fa G n\E XAd t) C n^igp) = n^'^gp) © ^''\qe) © ^''^{qe), 

2 

where Qp = E x Q and = 1^ © C is the complexification of t. The condition F^' = 
is equivalent to Fa G Q^'^{qp). We will write s^/^'-^ for the set of connections A & £/ 
such that F^'^ = 0. By the theorem of Newlander and Niremberg |N ewlN i| ] these are the 



connections which define integrable complex structures in the complex vector bundles 
associated to E. 



^The prefix pseudo refers to the fact that the complex structure defined by A need not be integrable, 
similarly to what happens in the theory of (pseudo)holomorphic curves. In this thesis, however, we 
will use the word holomorphic regardless the integrability of the complex structure. 



I.l. THE EQUATIONS 

1. 1.1 Yang— Mills— Higgs theory 
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Let us suppose that F is a complex vector space with a Hermitian metric. The imag- 
inary part of the metric with reversed sign gives a symplectic form on F compatible 
with the complex structure. Hence F is a Kaehler manifold. Let us suppose that the 
action of i^' on F is given by a linear representation p : K ^ U(F). The equations ( p^ 
become in this situation the equations of Yang-Mills-Higgs theory. These equations 
appeared for the first time in physics, in the context of field theory, and they have 
been used to model different phaenomena (such as superconductivity when F = C, 
K = and p is the fundamental representation, strong and electroweak forces when 
F = C", K = SU(n) and p is a representation depending on the particles coupled to 
the gauge fields, etc.). From a mathematical viewpoint Yang-Mills-Higgs equations 
have played a prominent role in the evolution of geometry during the last thirty years. 
In particular, the study of the set of solutions (the so-called moduli space) has been 
specially fruitful. 



1. 1.1.1 Some examples 

When F = {pt} the first equation is unnecessary, and the second one is Hermite- 
Einstein equation. If X is a Riemann surface, this equation reduces to the condition 
on a connection A of being projectively flat. In general, when X is a Kaehler manifold, 
the Hermite-Einstein equation is related to the notion of stability of vector bundles 
coming from Geometric Invariant Theory (see below section 1.1.1.3| ). The moduli space 
arising in this situation has been a central object of study in geometry: many people 
have studied its topological properties, its properties as a Riemannian variety or the 
properties of its structure of algebraic variety. When X is a compact Riemannian 
four manifold, the notion of anti-self-duality generalises the conditions AFa = and 

2 

F^' = and the resulting moduli space was used by Donaldson to define his celebrated 
1D3K§). 

C", K = U{n; C) and p is the fundamental representation, we get the 
vortex equations, studied by Jaffe and Taubes ||J'1| ], Bradlow [[Brl| , |Br2|| , Garcfa-Prada 
GP1| , |GP2| , |GP3|| and others. If X is a compact Riemannian four manifod and n = 1, 



invariants (see 
When F = 



these equations generalise to Seiberg-Witten equations (see for example |po4| , |GP4|| ). 
When F = t and p is the adjoint representation we get (after twisting the vector bundle 

with the cotangent bundle of X) the Higgs bundle equations, studied by Hitchin 
Simpson |S| and Corlette ||Co|| , and whose study has led to important developements 
in Kaehler geometry (specially in understanding the fundamental groups of compact 
Kaehler manifolds, see IIABGK'lH ). Another interesting case is F = Hom(iyi,iy2) 
and K = U^Wi) x '[J{W2), where Wi are Hermitian vector spaces. This leads to the 
equations for holomorphic triples, introduced by Garcfa-Prada [ GP3 ] and studied also 
by Garcfa-Prada and Bradlow in |[BrGP^j|] . 
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1.1.1.2 The Yang— Mills— Higgs functional 

The Yang-Mills-Higgs functional evaluated at a connection A and a section $ is 
defined as 

yMHM, = II^A|li2 + WdAnh + - 41,. (1.5) 

A basic result in the theory is that one can rewrite the Yang-Mills-Higgs functional 
as 

yMHM, = W^Fa + /x(<f ) - c\\l, + 2\\dAnh + MIF'/Wh 

+ 2 [ (AFa, c)c^["] + / TtFaAFaAJ''-^\ (1.6) 
Jx J X 

where uj = ux and cu^'^l = oj^ /k\. (In the integrals of functions on X appearing in 
the sequel we will implicitly use the volume form a;["l) From this we deduce that, if 
we fix E and c, the pairs {A, $) which minimise y/ATic are precisely the solutions 
to equations (0). (Indeed, the terms J^{AFa,c) and /^TrF4 A F4 A cjl"~^] only 
depend on E, the representation p and c.) The equality (0) can be proved using the 
Kaehler identities (see for example ||Brl|| ). This equality allows to find bounds on 
the curvature Fa and the covariant derivative cIa^ when {A, $) satisfies (0). 



1.1.1.3 The Hitchin— Kobayashi correspondence 

Let = r(i?XAd-f^) be the gauge group of E. Let G = K'^ be the complexification 
of K, and let = ^{E XAdG) be the complex gauge group {^g is the complexification 
of '^k)- The group acts on the space of connections and on the space of sections 
^ = fi°(jF). On the other hand, both actions of extend to holomorphic (with 
respect to a certain natural complex structure on ^ x y) actions of '^g- 

The first equation of (0) is invariant under the action of '^g- That is, for any 
g ^^G and (A, $) G ^ x ^ such that = we have 9g(A)5'($) = 0. The third 
equation is also '^g invariant. The second equation, however, is only invariant under 
the action of '^k- This suggest the following question: given a pair (A, $) G ^ x .5^, 
how can we know whether there exists a gauge transformation g G ^g such that 
{g{A),g{^)) satisfies 

AF,(A)+/i(^7(<^')) = c? 

The so-called Hitchin-Kobayashi correspondence answers this question by giving a ne- 
cessary and sufficient condition for this transformation to exist. This condition involves 
certain coherent subsheaves of T and coincides (when X is a Riemann surface), in 
all the cases studied in the literature, with the condition of stability arising in the 
construction of the algebraic moduli space of pairs (A, $) using Geometric Invariant 
Theory. On the other hand one proves that, if such a g exists, then it is unique modulo 
the action of on '^g on the left. 

For the case F = {pt} and K = U(n) (Hermite-Einstein equations) Narasimhan 
and Seshadri Se|| gave in the 60's a proof of the Hitchin-Kobayashi correspodence 



on Riemann surfaces. The method used in | [lNSe | is of algebro-geometric nature. Soon 
after the appearance of the landmark paper [AB|, Donaldson [ Dol | gave a proof of 
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the same result using techniques from gauge theories. In | Do2 | Donaldson extended 
the correspondence on algebraic surfaces. Uhlenbeck and Yau ||U Y|| proved the corre- 
spondence on any compact Kaehler manifold (see [po3|| for a proof valid for projective 
manifolds). Finally, Bartolomeis and Tian [|BarTi|] gave a generalisation of the cor- 
respondence to almost complex compact manifolds. The case X a Riemann surface, 
F = {pt} and arbitrary K was studied by Ramanathan and Subramanian in 



using the results of Ramanathan in |pR.lj| on stability of principal bundles. 

Several cases of the Hitchin-Kobayashi correspondence for different choices of vec- 
tor space F, group K and representation p have appeared in the literature (see the 
references in section |i.l.l.l| ). In 1996 Banfield |[Ba|| proved the correspondence for any 
compact group K and any representation p : K ^ U(F), where F is a Hermitian 
vector space. This result generalises all the aforementioned ones, with the exception 
of Bartolomeis and Tian result. 



1.1.2 Gromov theory 



When the group K acting on F is trivial, the second equation in ( p^) disappears. The 
section $ can be seen as a map $ : X — > F (here we make a little abuse of notation, 
writing the map with the same symbol as the section) and the first equation in ( p^ 
can be written 

M = 0. 

This is the holomorphicity condition (with respect to the complex structures Ix and 
Ip on X and F) . A relevant situation arises when X is a Riemann surface. In this case 
the third equation F^'^ = is always satisfied (since f2°'^(X) = 0). The holomorphic 
maps $ from X to F are called (pseudo)holomorphic curves, and the study of their 
moduli is the central idea of Gromov theory. 



Let X be a compact Riemann surface. In his celebrated paper [piU Gromov uses 
the moduli space Ai = A4 (A) of holomorphic maps $ : X — ^ F such that [X] = A 
(where A G H2{F; Z)) to the study of the symplectic topology of F. One of the most 
important results in [pr|| is a natural compactification Ai of the moduli Ai. Some 
consequences of the work of Gromov is the non-squeezing theorem for symplectic balls 
or the fact that the group of symplectomorhisms Symp(M) of a compact symplectic 
manifold M is closed in the group of diffeomorphisms Diff(M) with respect to the C° 
topology (see 



AuLi, IMcDSlI, |McDS2|] ). 

Wl 



Following ideas of Witten 



and Kontsevich and Manin |[KoMa| the moduli of 
curves A4 has been used to define invariants of the symplectic structure of F. The 
idea of the definition of these invariants consists of using the evaluation map 

ev : X X M ^ 

which sends (x, $) to $(x), to pullback cohomology classes from H*{J-') to H*{X x A4) 
and obtain classes in H*{A4) by means of the slant product. If is a compact 
smooth manifold then there is a fundamental class [Ai] G Htop{Ai). Multiplying the 
obtained cohomology classes and pairing with [Ai] we get one of the Gromov- Witten 
invariants. In general A4 is not compact, but Gromov compactification allows to extend 
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the evaluation map to ev : X x — > JF. However, Ai is not in general a smooth 
manifold, so the existence of a fundamental class is not clear. Therefore, to get a 
rigorous definition of the invariants some extra work is needed. During the last ten 
years the problem of giving such a rigorous definition has been intensively studied. 

A first step in this line was given in the works of Ruan [Ru], Ruan and Tian 
and McDuff and Salamon ||McDSl|| , in which a rigorous definition of 



RuTi, RuTi2 



Gromov-Witten invariants was given for semipositive compact symplectic manifolds. 
In |[Ru|| these invariants are used to distinguish two deformation classes of symplectic 
structures on a compact differentiable manifold of real dimension 6. 

More recently, however, these works have been improved, and there is a definition 
of the invariants valid for any compact symplectic manifold. This definition has been 
given independently by Fukaya and Ono |[FuOn]| , Li and Tian ||LiTi|| , Ruan |P^u2|| and 
Siebert |[Sie|| . There exists also a definition of Gromov-Witten invariants for projective 
manifolds in terms of algebraic geometry. This definition was given independently by 
Behrend |[Beh[| and by Li and Tian [ [Li'l i2|| . Finally, Siebert | Sie2|| and Li and Tian 
LiTi3|| proved that both definitions coincide for projective manifolds. 



The consequences of this developement are wide ranging. For example, the theory of 
Gromov-Witten invariants is very much related to enumerative geometry. In this way, 
the properties of the invariants have been used to obtain new results such as the number 
of rational curves of fixed degree and genus passing through a certain number of points 
in the projective space P" (see |[KoMa| , [RuTi|| ) . Others fields to which Gromow-Witten 
invariants are related are mirror symmetry and the theory of integrable systems. For 
a survey on these and other interesting applications of Gromov-Witten invariants, see 



1.2 Contents of the thesis 

1.2.1 Chapter 1: The equations and Yang— Mills— Higgs func- 
tional 

In the first part of this chapter we introduce the equations which will be studied 
throughout this thesis. The contents of this part coincides with what was explained 
in section O of this introduction. In the second part we define the Yang-Mills-Higgs 



functional evaluated at {A, $) G =2/ x S^: 

yMHM, = W^Allh + WdAnh + - c\\l„ (L7) 

Here (Ia^ is the covariant derivative defined in ([TTI). Of course, if F is a vector space 
and K acts linearly on F, then the Yang-Mills-Higgs functional defined above coincides 
with the classical one given in |]5|. We then prove a formula generalising (|L6|) which 



allows to write the Yang-Mills-Higgs functional as 

yMHM, = II AFa + - c\\l, + 2\\dAnh + MIF^'/Wh + T, 

where T is a constant depending only on the topology of E, F and the section $ (and 
which consequently is invariant under deformations of A and $). This formula will be 
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used to obtain bounds on the norms of Fa and (Ia^ for {A, $) solving equations 
( [T^ and for $ satisfying some fixed homological constraints. 

I. 2.2 Chapter 2: Hitchin— Kobayashi correspondence 

In this chapter we prove a Hitchin-Kobayashi correspondence for the second equation 
in ( p^ ) when F is Kaehler. This correspondence generalises the results explained in 

II. 1.1.31 



When F is Kaehler, the action of on F extends to a unique holomorphic action of 
the complexification G = K'^ of K. This allows to extend the action of the gauge group 
'^K = T{E X A^K) on ^ X ^ to an action of the complex gauge group = ^{Exp^^G). 
In this situation we may ask ourselves the same question as in |1.1.1.3| : which orbits in 
^ X ^ of the action of contain solutions to the equation 

AFa + fi{<i>) = c? (1.8) 

And, how many '^^k orbits of solutions to (p8|) can contain at most a orbit in 

The main result of this chapter is a theorem which partially answers these questions. 
We define the notions of simple and c-stable pair, and we prove that a simple pair 
{A', $') is c-stable if and only if there exists g E '^g such that {A, $) = g{A', $') 
satisfies ([TBI). Furthermore, this g is unique up to the action of on on the left. 
In this chapter we do not ask the pair {A, $) to satisfy the first equation Oa^ = 0; 
but we restrict ourselves to connections satisfying the third equation F^'^ = 0, that 
is, to connections belonging to This is a technical condition which probably 

may be relaxed. On the other hand, observe that if X is a Riemann surface then 

fii'i(x) = n\x), so = 

To prove the result of this chapter we construct and study a certain functional 
on ^^'^ X ^ X ^G whose critical points are exactly the points {A, $, g) which satisfy 
AFg(^A) + f^{g{^)) = c. The construction of this functional is rather general, and we 
call it the integral of the moment map. 

We finish the chapter with three examples of the correspondence. In the first one 
we take F to be a Hermitian vector space with a linear unitary action of K, and we 
obtain Banfield's theorem. In the second example we take F = F{W), where is a 
Hermitian vector space. Finally, in the third example we study the case of F being a 
Grassmannian or, more generaly, a flag manifold (this case includes, of course, the one 
studied in the second example). 



1.2.3 Chapter 3: The moduU space 

In this chapter we make the first steps towards a definition of invariants of the sym- 
plectic manifold F and the Hamiltonian action of K, by constructing certain spaces of 
solutions to a perturbation of equations ([T^). From now on we will suppose that X is 
a Riemann surface and that F is compact. Later we will make more assumptions on 
our data. 
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Let ^ be the gauge group of E. In order to use certain results such as the imphcit 
function theorem, we extend our configuration space by completing them with respect 
to some Sobolev norms. 

Let a = ((Ti,a2) he a ^ invariant element of Hom°'^(7r>TX, TJ^^) © XAd 6), 

where up '■ J-' ^ X is the projection. We consider the following perturbed equations 

AFa + = cr, + c, ^'-^^ 

where A and $ lie in the chosen Sobolev completions of ^ and =5^, and we call the 
pairs [A, $) satisfying them a-twisted holomorphic curves over X (cx-THCs for 
short). (Recall that, since X is a Riemann surface, the integrability condition F^"^ = 
is always satisfied.) 

To any homology class B G H2{Fk) (where F^ = EK F is the Borel construc- 
tion) we associate a certain ^^-invariant set M.a{B,c) = M.^'^{B,c) of solutions to 



equations ( p9|) and we define the moduli space of a-THCs (resp. the extended 
moduli space of a-THCs) to be Ma{B,c) = M^'^iB,c) = M„{B,c)/W (resp. 
KiB,c) = 7VJ'^(5,c) = M^{B,c)/%, where % = {g e ^ \ gixo) = id}, for a fixed 
xo e X). 

Let us suppose that K = and that the action on F is semi free (this means 
that the action on the complementary of the fixed point set F^ is free). We prove 
that there exists a discrete subset Cq C iM such that if c G iM \ Co, then for a generic 
perturbation a G Sc(-E') (where Sc(-E') is a non-empty set of perturbations depending 
on c) the moduli space A4cr{B, c) is a smooth manifold, and we compute its dimension 
(the point of restricting to c G iM \ Co is that then the isotropy subgroup in 5f of 



any solution to (|L9D is trivial). We also prove that for two different choices of generic 



perturbation a the resulting moduli spaces are cobordant. A similar result is proved 
for the extended moduli space. Finally, we also have for generic perturbation that the 
projection MaiB, c) — > AirriB, c) is a principal bundle. 



1.2.4 Chapter 4: Compactification of the moduh 

In this chapter we prove two basic results. The first one is a regularity result, which says 
that the solutions to equations ([T^ are (gauge equivalent to) smooth pairs, and the 
second one is a theorem which gives a compactification of the moduli space Ai„{B, c) 
(and of N'a{B^ c)). In contrast with the preceeding chapter and with the next ones, in 
this chapter K can be any compact connected Lie group, and its action on F is only 
assumed to be smooth. On the other hand, X is, as always, a Riemann surface and F 
is compact. 

In the preceeding chapter we gave a definition of the set J^a{B, c) as a subset of a 
Sobolev completion of ^ x 5^ . A priori it is not clear whether the elements of M.a[Bi c) 
are smooth or whether the moduh space M.„{B,c) depends on the chosen Sobolev 
completions. In this section we clarify the situation, proving that all the elements in 
the moduli are smooth. More concretely we prove that if [A, $] G M.„{B^c)^ then 
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there exists a transformation G $f such that g{A) and are smooth. With this 
we see that the moduh space, as a set, is intrinsic: it does not depend on the Sobolev 
norms. In fact, the structure of the moduh as a smooth differential manifold is also 
unique, since it can be given locally in terms of Kuranishi models and these, by elliptic 
regularity, are independent of the Sobolev norms. 

Given a sequence {{Ak,^k)} C M.„{B,c), it may perfectly happen that there is 
no convergent subsequence in the C° topology. This is similar to what happens in 
the theory of pseudoholomorphic curves. The reason for this non compactness is a 
phaenomenon called bubbling, which is a consequence of the impossibility of finding 
bounds lldyi^llc-o < C for (A, $) G ^A(^{B,c), where C only depends on B and c. In 
this section we define the notion of cusp a-THC and we prove that for any sequence 
C A4(j{B,c) there exists a subsequence converging (in a suitable sense) to 
a cusp cr-THC. With this we obtain a compactification of A4a{B,c) which will allow 
to define invariants of F. This compactification generalises Gromov's theorem for 
pseudoholomorphic curves (see [AuLa|). In fact, the notion of cusp cr-THC is also a 



generalisation of Gromov's cusp curves. 

The next step after compactifying the moduli J^a^{B,c) is to study to what extent 
the compactification has a smooth structure. In order to define invariants, we would 
like to have a fundamental class in the homology of the compactification. An ideal 
situation would be that in which the compactification admited a natural structure 
of smooth oriented manifold. In this case we would indeed have a fundamental class. 
Unfortunately, this will not happen in general. But we can express the compactification 
of the moduli as the union of the moduli plus a countable family of smooth manifolds. 
Finally, if the dimensions of these extra manifolds are lower than that of the moduli 
minus one, then we will be able to rigorously define invariants. 



1.2.5 Chapter 5: The choice of the complex structure 

So far we have not put any restriction on the complex structure Ip (appart from chapter 
^, where we assumed that F is Kaehler). We only asked Ip to be i^-invariant. In this 
chapter we assume that K = and we prove that for a generic 5'^-invariant complex 
structure Ip the moduli of simple holomorphic curves is the union of a countable family 
of smooth manifolds, and we compute its dimension. (Note that if we did not ask our 
complex structure to be S'^-invariant then a stronger result could be proved: it is well 
known that for a generic complex structure the moduli of simple holomorphic curves 
is a smooth manifold; see e.g. ||McDSl|] .) This result will be used when constructing 
the moduli of cusp cr-THCs. 



1.2.6 Chapter 6: The invariants 

In this chapter we assume that K = and that the action on F is semi free. Using 
the results of the preceeding chapters we define, under certain conditions, invariants 
of the symplectic manifold F and the action of S^. 

We define two invariants: the invariant $, using the extended moduli A/", and the 
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invariant $, using the moduli Ai. The idea used to define them is very similar to 
that of Gromov-Witten invariants. Fix a class B G H2{Fsi), an element c G iM \ Cq 
and a generic perturbation a G 12c{E). Let Af = Afa{B,c) and A4 = Aia{B,c). We 
have maps m : H*i{F) if* (AT), /J. : H*^{F) ^ H*{M), u : H*{s^/%) H*{J\f) 

and V : H*{£i^ /%) H*{M). Formaly, the invariant $ = (resp. $ = $^,'f ) 

is obtained by sending classes from H^j_{F) and H*{s^/%) to H*{Af) (resp. H*{M)) 
using the maps /ij and (resp. /Ij and V), multiplying them and then pairing the result 
with the fundamental class [M] G Htop{M) (resp. [AA] G Hto-p{M.))- As we said before, 
in general we cannot prove the existence of the fundamental classes used above. In this 
chapter we give a rigorous definition of the invariants in certain conditions, bypassing 
the question of fundamental classes. 

Finally, we give an example of a nonzero invariant. 



1.3 Some questions 

To finish this introduction we list some problems which we would like to study as a 
continuation of this thesis. 

• Computation of the invariants. When F is Kaehler, the Hitchin-Kobayashi 
correspondence proved in this thesis allows to describe the moduli of THCs. 
This might be used to make computations of the invariants in the Kaehler case. 
Another strategy would be to search relations among the invariants (using gluing, 
as in Gromov-Witten theory; see below) which might simplify the computations. 

• Improve the definition. The conditions which were needed to give a rigorous 
definition of the invariants are rather technical and very much restrictive. It 
would be nice to get rid of them. To do that, the works |[FuOn| , [LiTi| , [Ru2| , |Si^ 



(in which a rigorous definition of Gromov-Witten invariants for any compact 
symplectic manifold is given) should be an important source of inspiration. 

Equivariant quantum cohomology. This would consist of codifying the 
Hamiltonian Gromov-Witten invariantrs in a deformation of the ring structure of 
the equivariant cohomology of F, exactly as is done with Gromov-Witten invari- 
ants. A central question in this problem would be to prove associativity of the 
resulting product. We expect that this should give non-trivial relation among 
the invariants (as happens with Gromov-Witten invariants). 

Gluing. An interesting question is the following: given two THCs, one with 
base Xi and the other with base X2, how can we obtain a THC with base 
the connected sum XijjX2? A similar question arises in Donaldson theory and 
also in Gromov-Witten theory, and the techniques needed in our situation should 
probably be the same ones that apear in these theories. This is in our opinion the 
most interesting question to be studied after this thesis. Very much likely, a good 
understanding of a gluing construction of THCs will be crucial in developping 
the latter two questions. 
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Interpretation of the invariants. We would like to find a description of the 
invariants in terms of enumerative geometry, just as is done with Gromov-Witten 
invariants. 

Wall crossing. In this thesis we define invariants using the moduli spaces 
J\fa{B, c) and A4a{B, c) when c G iM \ Cq. It would be interesting to study the 
relation between the invariants obtained when c belongs to different connected 
components of iM \ Cq. Presumably we could prove a result similar to Thaddeus 



theorem in IfTh . 



1.4 Notations 

All the manifolds, bundles and morphisms in this thesis will be smooth unless other- 
wise stated. All vector spaces will be finite dimensional. We will use the following 
convention. Finite dimensional manifolds and vector bundles will be denoted using 
roman fonts: X, F, V. General fibre bundles will be denoted using calligraphic fonts: 
J-'. Finally, infinite dimensional manifolds will be denoted using curly fonts: £/, ^, S^. 
For any real vector space V, we will denote (, )y the natural pairing V x V* ^ M.. 

These are the most often used symbols in this thesis. 



• N, Z, Q, M and C denote as usual the sets of natural, integer, rational, real and 
complex numbers. We denote by i the square root \/— 1. 

• K is a. compact connected real Lie group (when defining the invariants we will 
assume that K = S^); 

• G is the complexification of K. 

• t and Q are the Lie algebras of K and G. 

• X is a Kaehler manifold with symplectic structure ux and with complex structure 
Ix (when defining the invariants it will be supposed to be a Riemann surface); 

• F is a symplectic manifold with symplectic structure Ip and with a Hamiltonian 
symplectic action of K; we denote : F — >■ 6* its moment map; we take a K- 
invariant complex structure Ip compatible with up; when studying the Hitchin- 
Kobayashi correspondence F will be Kaehler and when defining the invariants it 
will be compact. 

• EK —>■ BK is the universal principal fC-bundle (the action of K on any K 
principal bundle is by definition, as usual, on the right); 

• E ^ X is a. K principal bundle; Eq = E Xx G he the G principal bundle 
associated to E (we take the action of on G given by left multiplication); 

• T = = E XxF is the associated bundle with fibre F . 
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= = T{E XAd K) is the gauge group of E; in the chapter on Hitchin- 
Kobayashi correspondence we will denote this group by 

= ^{Eg XAd = r(£^ XAd is the gauge group of Eg, and is the complex- 
ification of '^^K', 

— s^^ is the set of connections on E; 

y = 5^^ — is the space of sections of T\ 

M. denotes moduli spaces in general (there will be several of them appearing in 
the thesis) ; 

if the manifold M supports an action of K then for any s G ^ wc denote JT/^ the 
vector field on M generated by the infinitesimal action of s; when the manifold 
M is clear from the context, we just write finally, is the set of fixed 
points. 



Chapter 1 



The equations and the 
Yang— Mills— Higgs functional 

1.1 The equations 

1.1.1 Let K he a compact connected real Lie group, and let i = Lie(i^) be its Lie 
algebra. Let us take on K a metric invariant by the adjoint action of K (such metrics 
are called biinvariant). This metric allows to identify 6 ^ 6* in a K-equivariant way. 

1.1.2 Let -F be a symplectic manifold with a symplectic left action of K. Let up 
be the symplectic structure of F. Let Ip be a i^'-invariant complex structure on F 
compatible with up, that is, such that gp{-, ■) := ujp{-, Ip-) is a Riemannian metric on 
F. Such a complex structure always exists (see lemma 5.49 in ||McDS2|] ). 

Definition 1.1.1. A moment map for the action of K on F is a map fi : F t* 

which satisfies the following two conditions: 

(CI) for any s G i, dfi{s) = igCs'^F (where ^ G V{TF) is the vector field generated 
by the infinitesimal action of s on F) and 

(C2) jj, is equivariant with respect to the actions of K on F and the coadjoint action 
on t* . This means that for any h & K, any x & F , and any vet, {fi{hx) , Ad{h)v) f_ = 
{fi{x),v)t. 

In the sequel we will assume that there exists a moment map fi : F —>■ i* for the 
action of K on F. (Note that if a moment map exists, then it is unique up to addition 
of a central element in i*.) 

1.1.3 Let X be a connected Kaehler manifold of dimension n. Let us write ujx, Ix 
and gx the symplectic form, the complex structure and the Kaehler metric of X. They 
are related hj gx{-,-) = ^^x(y-,Ix-)- In this chapter we will often write u for ux- We 
will denote ti;''^^ = uj''/k\, and we will use in the integrals of functions on X the volume 
element u;'"] (most of the times we will not write it). Let A : fi*(X) fi*~^(X) be 
the adjoint of wedging with ux- 
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1.1.4 Let E ^ X he a i^-principal bundle on E. As usual, we take the action of K 
on E to be on the right. Consider the associated bundle 71f-J-' = ExkF^X. Let 
be the space of connections on E and let ^ be the space T{J^) of sections of J-'. 

Let TjFj, = Kei diTF- A connection A E ^ induces a projection a : TjF TJ-'^. 
Let 7r°'i : ^ denote the projection and let 71^'° = 1 - 7r°'\ Let $ G ^ 

be a section of JF. We define the covariant derivative of $ (with respect to A) to be 

dA^ = aod^e n\^*TJ^^), 

and the 9 and d operators of A acting on $ to be 

d^^ = 7r^'°a(d<l>) G 1]^'°(<I>*TJ^^) and 9^$ = 7r°'^a(rf<l>) G n^'\^*TJ^^). 



1.1.5 Using the biinvariant metric on t we get an equivariant isomorphism t ^ t* 
which extends to an isomorphisms of vector bundles 

EXAdfi^EXAdT (LI) 

(observe that we denote with the same symbol Ad both the adjoint representation on 
6 and the coadjoint representation on 6*). Let finally c G 6 be a central element. The 
equations which we study in this thesis are 

Oa^ = 0, 

AFa + fii^) = c, (L2) 

Fr = 0, 

where A G i?/ is a connection, Fa G fl'^{E XAd is the curvature of A, and $ G =5^ 
is a section. Observe that AF4 G fl^{E XAd i) and that /i($) G fi°(i? x^d €*), so to 
give a sense to the second equation we need to use the isomorphism (|1.1|) . Hence, the 
equations ( |L4|) depend on the biinvariant metric taken on t. In the third equation F^'^ 
refers to the piece in f2°'^(g£;) of the curvature 

Fa g n\E XAd i) c n\QE) = f^''°(gi?) © ^^^\qe) ® ^^°''(fls), 

where Qe = XAdfl and = 6®C is the complexification of t. The condition F^'^ = 
is equivalent to Fa G Q}'^{qe)- We will write ^^'^ for the set of connections A E -s^ 
such that F^'^ = 0. By the theorem of Newlander and Niremberg ||NewNi | these are the 



connections which define integrable complex structures in the complex vector bundles 
associated to E. 



1.1.6 Take a connection A G . This connection induces a splitting TJF ~ TjF^ © 
Tlx TX. Using this splitting, we define a metric g{A) = gF®gx and a complex structure 
I{A) = Ie ® Ix on TT. Then I{A) and g{A) provide T with an almost Kaehler 
structure. 

Lemma 1.1.2. Let A E be any connection on E. A section ^ E ^ is holomorphic 
with respect to I {A) as a map from X to if and only if Oa^ = 0. 

Proof. This follows from the formula Oa^ = (d^ + I{A) o d^ o /x)/2. □ 
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1.2 The Yang— Mills— Higgs functional 

The biinvariant metric on i induces a norm || • || : t ^ M. Thanks to fC-equivariance, we 
may combine || ■ || with the volume form cj^' to obtain an norm || ■ 11^2 : Q^{Exji^^t) — »• 
M and similarly on x Ad^*)- We can do the same thing with the invariant metric 
gp on F, thus getting || ■ \\l2 : fi°(TJ^^) M. 

Definition 1.2.1. Fix a central element c G 6. The Yang— Mills— Higgs functional 
yMHc : £^ X y ^Ris defined as 

yMUM, $) = wfaWI. + \\dAnl2 + \\c - 

where ^ E is a section and A E a connection on E. 



We will say that two sections $0) '^'i £ =^ are homotopic iff there exists a map 
: X X [0, 1] ^ such that $0 = -f^*Ux{o}) $1 = H^\xx{i} and such that, for 
any t G [0, 1], H^\xx{t} is a section, that is. Tip o H^\xx{t} = Wx- Such an homotopy 
will be called a homotopy of sections. The relation of homotopy of sections is an 
equivalence relation. For any section $ G [$] will denote the homotopy class of $ 
as a section. 

Theorem 1.2.2. Fix a section $0 ^ The pairs (A, $) G ^ x ^ which minimize 
the functional yAiTic among the pairs whose section is homotopic to $0 ^^i"^ those 
which satisfy equations |I~ 



We recall that, just as the equations (p.. 21), the Yang-Mills-Higgs functional does 



depend on the biinvariant metric on 6. A proof of theorem [L.2.2| will be given in the 
next section. 



1.2.1 A weak Kaehler identity 



The following result will be used in the proof of theorem |1.2.2 



Proposition 1.2.3 (Weak Kaehler identity). For any section $ G and for any 

connection A G the following equality holds: 

Jjafa, f^m, = \{\\dAnh - wdAnh) - 

where the constant C[$] depends only on the topological type of E and on the homotopy 
class of sections of^. 

We give two proofs of this result. The first one works only when X is a Riemann 
surface, and follows from a direct computation. The second proof uses the Chern-Weil 
map in equivariant cohomology, and works for any Kaehler manifold X. Furthermore, 
the second proof gives a geometrical interpretation of the constant C[$] . This interpre- 
tation allows to give bounds on the norms of Fa and dA^ when [A, $) solve ( |1.2D 
in terms of homological data (see theorem 1.2.18 ). 
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To motivate the name of weak Kaehler identity, consider the case F = C". Take 
on F a Hermitian metric h. Its imaginary part with reversed sign gives a symplectic 
form Up compatible with the complex structure. Let K = U{n) act on F respecting 
h (and consequently up)- In this situation the moment map is = —^x ® x*, so that 
= — 1$ (S) Using the Kaehler identities for unitary connections on hermitian 
bundles i[A, Oa] = d\ and — i[A, Oa] = we compute 

/ {AFA,fim^= I (AF^,-^<f ®$*)j= / I-K^/iAFa^) 
Jx Jx ^ Jx 

= I ]-h{^, lA^ aBa + dAdA)^) = I ]-h{^,d\dA^-d*^A^) 

= ^(ii^^^iii^ - wdAnh). 

(Observe that in this case the constant C[$] is equal to zero, no matter what the 
topological type of E is.) 



1.2.2 Proof of proposition for X a Riemann surface 



In this section the manifold X will be a compact Riemann surface with a fixed Kaehler 
structure. Consider first of all two pairs {A^, and [A"^, which are equal in the 
complement of an open set V G X and such that [$^] = [$^]. Suppose V is small 
enough so that there exists an open set U G X containing V, a holomorphic chart 
-0 : f/ ^ C ~ with [0, 1] x [0, 1] C ip{U), and a trivialisation E\u c:^ U x K in such 
a way that ip{V) is contained in (0, 1) x (0, 1). Write x and y the usual coordinates 
of M^, so that the complex structure I G End(T]R^) sends d/dx to d/dy and d/dy to 
—d/dx. 

We will write for convenience S = [0,1] x [0,1]. On S we will consider either 
the volume form {iIj~^)*uj, which we will also call u, or dx A dy. Define the function 
f : S ^ hj uj = f{dx A dy). Take on S the metric coming from the one on F. From 
u!{d/dx,d/dy) = f, \d/dx\ = \d/dy\ and the fact that d/dx is orthogonal to d/dy 
(recall that Ip is an isometry) we deduce that 

\d/dx\ = \d/dy\ = v^. (1.3) 

Write, for i = 1,2, dAi = d + Al^dx + Aydy in the chosen trivialisation of E\u, where 
A^. and Ay take values in fi. The corresponding curvatures in our trivialisation are 

dA^ dA^ \ 

^ " + [A^,4] dx^dy. 



dx dy 

We will consider the restriction of the sections on U as maps F. Now we 

compute 

j^{AFA^,f^m),u = {^-^ - ^ + [A'„A'y],^i{^')^dx A dy. 
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Integrating by parts we see that this is equal to 

B, + [ {-{{dfi{<^>),d¥/dx)TF,Al),+ {{dfi{<l>),d¥/dy)TF,A'J, 
Js 

+ {[Al,Ai],fi{<!>^)),)dxAdy, 

where Bi is a boundary term. We now use the properties of the moment map to deduce 
that this equals 

B, + {-ujF{3^A^.d^'/dx) + Jr4. , 9<l>V9y) - ujF{a^A^, ^aO) dx A dy 
= Bi+ [ (iUF{d¥/dx + SCa^ , d^'jdy + eT^O - ^pid^'ldx, d^'jdy)) dx A dy 



(recall that ^ denotes the vector field given by the action of s G € on F). By definition 
d^'^jdx^ ^j^^ (resp. d^'^jdy^ ^a\) is dAi^'^id/dx) (resp. d^i^^d /dy)). Now, using 
lemma |1.2.5| and formula (|1.3|) we deduce 

up {d/dx) , dA^^' {d/dy)) = /^(|5^.$f - |9^.$f ). 

Using this formula we get 

t/ jS" s 

- ujFid(^'/dx, d^'/dy)dx A dy. 

Since {A\ $*) are equal outside V and V C (0, 1) x (0, 1), the two boundary terms 
Bi and B2 are the same. Moreover, since [$^] = [$^] and uf is closed, the integral 
J^UFid^'^ /dx, d^'^ /dy)dx A dy has the same value for i = 1,2. Hence we obtain 

/ (AF^i,/i($i))e-(AF^2,/x(<l>2)),= /(AF^i,/i($i)),-(AFA2,/i(<l>2))« 
Jx J s 

s 

= 11 ildA^'^'l' - I^Ai^T) - I {IdA^'^r - IdA^'^r) 

(In all these integrals we omit the volume form, which is a;.) To finish the proof, 
observe that given two pairs (A, $) and (A', $'), where [$] = [$'], one can always find 
a sequence of pairs (A*, i = 1, . . . ,k, such that the homotopy classes are all 
equal to [$] and such that any two consecutive pairs in 

{(A,<l.),(A^$l),...,(A^<l.'=),(A',$')} 

coincide outside a small enough set ^ C X so that we can apply the preceeding 
reasoning. This implies that 

[ (AF^,/i($))e-(Ai^A',/i($'))e = ^ (II^A^Hi. - P^^lli^)-^ (II^A'^'Hi^ - \\dA''^'\\h) 
which is what we wanted to prove. 
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1.2.3 Proof of proposition |1.2.c{| for any Kaehler manifold X 



Instead of directly proving proposition p. . 2 . 3| we will prove a slightly more general result. 
In the course of the proof we will find a geometrical interpretation of the constant C[$]. 

The symplectic form gives an element of f2°(A^(T^t,)*), since the action of K 
leaves up invariant. On the other hand, the connection A on E induces a projection 

a:TJ^ ^ TJ^^ 

onto the subbundle of vertical tangent vectors. From this we obtain a map a* : 
K^{TT^y K^T*T, and we set Co§ = G n%A^T*J^) = n\J^). This 2-form is 

not in general closed. Consider the 2-form Up = ujp — {npFA, 

Proposition 1.2.4. The 2-form ojp G Vl?{J^) is closed, and the cohomology class it 
represents is independent of the connection A. 

Let us show that proposition [1.2. 4] implies proposition |1.2.3| . (In fact proposition 
1.2.4 is slightly stronger than 1.2.3| .) We will use the following elementary lemma. 



Lemma 1.2.5. Let V and W be two Euclidean vector spaces with scalar products (, )y 
and {,)w Suppose that there are complex structures ly G End(l^), Iw € End(iy) 
and symplectic forms uy G A'^V* , uw G A'^W* which satisfy the following: (■, ■)y = 
u!v{-,Iv) dnd {■,-)w = ^w{-,Iw) (in other words, V and W are Kaehler vector 
spaces). Take a linear map f : V W and let f^'^ (resp. be {f + Iw ° f ° -^y)/2 

(resp. {f — Iw ° f ° Iv)/'^)- Let 2n = dimj^V . Then 



n-l] 



where, for any g G Hom(y^, W), \g\'^ 



1 



(1/ 



1,0|2 



1/ 



Tr g*g and = ujy/k\ . 
Remark 1.2.6. Note that under the isomorphism 

the element f & V* ®m W corresponds precisely to /^'° + /°'^. 

Now assume that proposition [I.2.4| is true. Using lemma |1.2.5| we have 

1 

X ^ 



0,l|2^ 



UJ 



V ' 



W 



\dAnh] 



for any section $ : X ^ JF. To apply the lemma we set, for any x & X , V = T^X 
and W = T$(a.)jF^ with the induced Kaehler structures, and / = dA^{x). With these 
identifications /^'° = (9^$(x) and /"'^ = dA^{x) (see remark [1.2.61 ). As a consequence, 

1 

2' 



{AFA,fxm 



X 



($*cD^ - ^^(Tr^AF^, /i($))) A J"^-'^ 



X 



X 



which by proposition |1.2.4| depends only on [$]. This proves proposition |1.2.5 . 



1.2. THE YANG-MILLS-HIGGS FUNCTIONAL 



27 



1.2.3.1 The Cartan complex 

We are now going to prove proposition |1.2.4| . We will use some results from 
BeGeV|| , especially from chapter 7. Define the graded algebra 

where ^{F) is the algebra of differential forms on F, and assign to P C?) a € Qk{F) 
the degree deg(P ® a) = 2deg(P) + deg(a). As usual (■)^ denotes the K invariant 
elements under the action of K. (The action of K on C[i] ^(P) is by puUback both 
on C[^] and on fi(P).) If r/ G ^^(P), let 

d,ir])is) = dir]is)) + ii^s)v{s), 

where s is any element in 6 and ^ denotes the vector field generated by s under the 
action of i. Note that in PeGeVf the field assigned to s G t is Xg := — so that 



= X[sy] (recall that the action of i^T on P is on the left). This explains the 
different sign in our definition. 

The map sends fi|^(P) to n*j^^{F). One proves that dj = 0, so that (fix(P), dt) 
is a complex. The complex {QK{F),di) is called the Cartan complex of P and the 
action of P' on P. 

According to our hypothesis the symplectic form up G fi^(P) of P is invariant under 
the action of K. However, it is not a closed form in QxiF"). This can be remedied by 
substr acting to it the moment map: the form 

is equivariantly closed, that is, diZJp = 0. 

1.2.3.2 The Chern-Weil homomorphism 

We will now define a map of differential graded algebras 

<PA:{^K{F),d,)^{Q{T),d) 



with the help of a connection A G We will follow closely section 7.6 in ||BeGeV 
First we give some definitions. 

Definition 1.2.7. A horizontal differential form on J-" is a differential form a G 
fl{J-') such that L{^)a = for all vertical vector fields ^ . For any vector space 
W with an action p : K ^ GL{W) let Q{E, Vr)hor be the set of horizontal differential 
forms of the trivial vector bundle ExW E. A basic differential form on E taking 
values in a linear representation {W, p) of K is an invariant form a G Q{E,W)y^ot- 
We will denote Q{E, iy)bas the set of basic forms. 



This is proposition 1.9 in ||BeGeV|| : 



Proposition 1.2.8. There is a natural isomorphism between Q{EXpW) andQ{E, Vr)bas- 
This isomorphism sends a G n^(P, iy)bas to the form ax G Q'^{E Xp W) defined as 
follows 

ax{dnXi, . . .,dnXq){x) = [e,a{Xi, . . . ,Xg)(e)], 
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where e G tt ^(x), x G X and Xj G TgE, and where [a,b] denotes the element in 
E XpW represented by {a,b) E E x W . 

Remark 1.2.9. In particular, if W = with the trivial action of K the preceeding 
proposition says that Q{X) ~ f2(i?)bas- If we apply this isomorphism to the principal 
K bundle E x F —>■ then we obtain f2(jF) ~ Q,{E x F)bas- 

Fix a connection A E and call a : TE — » TE^ the associated projection. Since 
the diagram 

E xF^^E 



is cartesian, in particular E x F c:^ TTpE as principal K bundles on JF. So we can pull 
back the connection A to a connection ir^a on the principal K bundle ExF ^ T . This 
new connection gives a map vr^o; : T{E x F) — » T{E x F)^ which induces a projection 
h : ^{E X F) — » Q{E x F)hor to the space of horizontal forms on E x F ^ J^. Write 
Qa G Q^{E, i) the curvature form of the connection A. 

Now take an element a = f ® 13 E C[l] ® Vt{F) and define a{Vt) G Vt{E) ® n{F) 
as a{QA) = /(^a) ® /?. Extending linearly we obtain a map from C[6] ^{F) to 
n{E)®Q{F). 

Definition 1.2.10. The map (pA ■ ® n{F) n{E x F)hor defined by 

= h{a{nA)) 
is called the Chern-Weil homomorphism. 

The following is theorem 7.34 in | [BeGeV| ]. 



Theorem 1.2.11. The restriction of (pA to the invariant forms (C[6] ^ Q{F))^ has 
image contained in Q{E x -F)bas ^'^d induces a homomorphism of differential graded 
algebras 

<Pa : {^K{F),d,) = {{C[t]^Q{F)f,d,) ^ {Q{E X F)bas,ci) ^ mJ'),d). 



Remark 1.2.12. The isomorphism in the right hand side is given by remark \1.2.L 
Using this isomorphism we will regard 0a taking values in {fl{J-'),d). 

Lemma 1.2.13. The map induced by (j)A from the cohomology of ((C[1B] ® Q{F))^ , d^) 
to that of {Q{J-'),d) does not depend on the connection A. 

Proof. Take two connections Aq,Ai G ^ and any closed form t] G Qk{F). Let 
Ej X X I he the puUback 7r^(£'), where I = [0,1] and ttx : X x I ^ X is 
the projection. Consider on Ej a connection Aj whose restriction on X x {t} is 
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(1 — t)Ao +tAi {Aj is thus in temporal gauge). Denote at : X ^ X x I the map which 
sends x ^ X to (Tt{x) = (x, t). We have (pAjiji) = ^*j4'Aj{ji) 3 = 0; 1- 

Define a map h : Q*{J^xI) f2*~^(jF) as follows. Any form in f2(jF) maybe written 
as a A dt + P, where t G / is a coordinate and in such a way that ia/ato: = ^-d/dtP = 0. 
Set h{a A dt + P) = Jja. A simple computation shows that for any 7 G Q{M x /), 
{hd + dh){'y) = al'y — 0"q7. Applying this to 7 = (pAjiv) g^t 

dh(j)A,{v) = (^*i(pAj{v) - crl<pAi{Tl) = <PaAti) - 0Ao(^), 



since by theorem |1.2.11| (p^iiv) is a closed element in f2(jF x /). This implies that 



(pAoiv) ^iid (pAiiv) cire cohomologous. □ 
Lemma 1.2.14. cpAi'^p) = ^f- 

Proof. By definition EJ^ = 1 ® - /i ® 1 G ® ^{F))^ . So 

(pAipp) = h{l ® Up) - h{{nA, /i)E ®l)e n{E X F)bas- 

We have h{l ® up) = 1 (8> a*ujF = 1® ojp. On the other hand, the form {VLa, (8> 1 is 
horizontal (because the curvature Vt^ G VL^{E.,t) is a horizontal form, see proposition 
1.13 in [[BeGeVi ) , so (pAipp) = 1 ® ojp + /i)^ ® 1. Now by lemma [1.2.8| this form 



represents Up G Vl?{J-'). □ 
This lemma, together with theorem |1.2.11|, finishes the proof of proposition |1.2.4. 



We can now restate proposition |1.2.3| as follows. 



Proposition 1.2.15. For any section $ G ^ and for any connection A & 

I {KFA^ii{^)), = h\\dAnh-\\dAnh)- I Aa;["-i]. 



1.2.3.3 Proof of theorem 

The following computation has its origins in an idea of Bogomolov in studying 
vortex equations on M^. Here we mimic [Prl|| , except that where he uses the Kaehler 
identities we use proposition |1.2.15 . 

Lemma 1.2.16. For any section $ G and any connection A ^ ^2/ 
yMHM, ^) = W^Fa + /^(<f ) - c\\l, + 2\\dAnh + M\FaYl^ 



+ 2 / {AFa,c)- [ B{Fa,Fa 
Jx Jx 



A uj 



n-2] 



X 



where B : Vl^{E x ^d^) ® ^'^{E XAd 6) Q'^{X) combines the wedge product in Q*{X) 
with the biinvariant pairing 6 ® t ^ M. 
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Proof. Throughout the proof || ■ || will denote norm (which, recall, is computed 
using the volume form cj'"!). The following formula is well known (and easily checked) 



IF.II^ 



\AFAf- [ fi(FA,FA) Ao;["-2l+4||F°''f. 
Jx 



We develop using the above formula and proposition 1.2.15 



IAFa + M"^) -cf + 2||9A$f + 4||F°''f + 2 / {AFa,c) 



X 



[ B{Fa, Fa) a cu["-2] +2 [ $*0A(tJF) A cul"-^ 
Jx Jx 



W^Fa 



4IIF' 



■0,2||2 
A II 



/ B{Fa,Fa)aJ''-'^ + M<^)-c\\ 
Jx 



+ 2 / (AF4,/i($))j + 2||9A$|r + 2 / <!>*(j)A{uJF) Auj 
Jx Jx 

= WFa^ + II^A^ir + pA$f + ||/i($) - cf 



n-1] 



wfaW + wdAn' + Wf^m - 4 



□ 



Theorem 1.2.2 follows easily from the preceeding lemma. Indeed, 



2 / (AF4,c) + 2 / <I>*0a(^f) A ^["-11 - / 5(Fa,Fa) A^["-2] 
Jx Jx Jx 

is a topological quantity, that is, it only depends on the homotopy class of $. That 
this is true for the second summand is clear; as for the first summand, by Chern-Weil 
theory one sees that it is equal to a linear combination whose coefficients depend on c 
of ffist Chern classes of line bundles obtained from E through representations K ^ S-^. 
Finally, the third summand is equal to a linear combination of degree 4 pieces of Chern 
characters of bundles associated to E wedged with and integrated over X (see 

p. 209 in p^ ). 



Finally, we obtain from |1.2.2| the following corollary d la Bogomolov 



Corollary 1.2.17. Suppose that a pair (A, $) satisfies equations Then the fol- 

lowing inequality holds 

[ {AFa, c)+ [ ^*(Pa(Pf) a cut'^-^l -If B{Fa, Fa) A J^'-'^ > 0. 
Jx Jx 2 Jx 



1.2 A bounds for solutions of ([XT^) 

Suppose now that X is a Riemann surface. Let np : Fx = EK F BK, 
where EK BK is the universal principal i^-bundle. This fibration is unique only 



1.2. THE YANG-MILLS-HIGGS FUNCTIONAL 31 



up to homotopy, and we chose a model of it for which EK BK is a smooth 
principal i^-bundle. Recall that the equivariant (co)homology of F is by definition the 
(co)homology of Fk- Cartan proved that the cohomology of the complex (fix(-f'), c^t) 
is isomorphic to the real i^'-equivariant cohomology M) of F. 

Let ce '■ X BK be the classifying map of the bundle E. Let us take an iso- 
morphism of K principal bundles (p : E c:^ c*^EK (0 is equivalently given by any K 
equivariant map E — > EK). Let ip : J-' —>■ Fx be the map induced by (j). Let A be any 
connection on F^ BK. Consider the Chern-Weil map 

<j)A:{^K{F),di)^n{FK,d) 

(here we are assuming that the fibration EK BK is smooth). We clearly have 



^p* o (f)^. Now, using lemma |1.2.13| we compute for any pair {A, ^) E x 



X Jx Jx 

= ((«4X],[0a(^f)]), 

where [X] G H2{X]Z) is the fundamental class and where [(pAipp)] G H2{Fk]. 
denotes the cohomology class represented by the form (p^ipp)- 

On the other hand, 

{AFa,c)= [ {Fa,c)= [ {F^*a,c) = {ceAX],[Fa]). 



But ce* = {iiF'ip^)* so, using lemma [L.2.16| , we conclude the following. 



Theorem 1.2.18. Let (v4, $) be a solution of equations There is a constant C, 

depending only on ((iIj^)^,[X], such that 

\\Fa\\12 < C and \\dA^\l2 < C. 



This result will be useful in the sequel, since we will consider the space of solutions 
to equations (|1.2|) for different choices of E and homotopy class of $. Note, on the other 
hand, that lemma [A.4.2| in the appendix implies that the homology class does 
not depend on the particular map (p : E —>■ EK chosen to construct ip. 
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Chapter 2 

Hitchin— Kobayashi correspondence 



Let us suppose that the complex structure Ip on F is integrable, that is, F is a Kaehler 
manifold. Then the action of i^' on F extends to a unique holomorphic action of the 
complexification G = (see |GS|). Let = T{E XAd K) (resp. = r(F XAd G)) 
be the real (resp. complex) gauge group. The diagonal action of on ^ x ^ extends 
in a natural way to a diagonal action of (see |2.1.2.3| for a description of the action 



on ^ ; the action on ^ comes from the action of G on F). Then, just as in classical 
Yang-Mills-Theory, the first and third equations in ( |L2| ) are invariant, whereas 
the second one is only invariant. In this chapter we will study which ^g orbits of 
pairs (A, $) G s^^'^ x contain solutions to the second equation. Observe that we 

2 

restrict to pairs solving the third equation F^' = 0, while on the contrary we do not 
ask the first equation = to be satisfied. This is a technical condition, and one 
could probably study the second equation on any ^g orbit in ^2/ x using essentially 
the same methods as here. 

More concretely, the question adressed in this chapter is the following: given a pair 
{A, $) G ^^'^ X decide whether there exist a gauge transformation g G ^g such 
that the pair g{A, $) satisfies 

AF,^A)+K9m = c. (2.1) 

This question will be partially answered. We will define the notion of simple pair 
(definition |2.1.17 ) and a condition on pairs {A, $) called c-stability (definition [2.1.16 ) 



and in theorem 2.1.19| we will prove that, if {A, $) is a simple pair, then there exist a 



gauge g G sending {A, $) to a pair g{A, $) satisfying the equation ( p.l|) if and only 
if {A, $) is c-stable. We will also prove in theorem p.l.l9| that in each ^g orbit inside 
^^'^ X there is at most one '^^k orbit of pairs which satisfy ( |2.1| ). We call such a 
characterization of solutions to ( p.l| ) a Hitchin-Kobayashi correspondence because it 
generalises the correspondence in Yang-Mills-Higgs theory with this name. We will 
prove the correspondence when the biinvariant metric in t satisfies a certain property 
(see subsection |2.1.1| ). Just as the equation, our existence criterion will depend on this 
metric. 



One can look at theorem |2.1.19| from two different points of view. When X consists 



of a single point, the curvature term vanishes in equation (|2.1|) , and so our problem 
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reduces to a well known one in Kaeliler geometry. Namely, that of studying which 
G orbits inside F contain zeroes of the moment map /i. More generally, one studies 
which G orbits have points whose image is a fixed central element in 6* or belongs 
to a given coadjoint orbit in t*. If F is a projective manifold, one can answer this 
question in a very satisfactory way: a G orbit contains a zero of the moment map if 
and only if it is stable in the sense of Mumford Geometric Invariant Theory (GIT for 
short) |[KeN4 |MFK| , |GS|| . To extend the notion of GIT stability to actions on any 



Kaehler manifold F, we use the notion of analytic stability (see definition p.4.1| ). This 
notion coincides with that of GIT stability in the case of projective manifolds, and 
characterizes the G-orbits in which the moment map vanishes somewhere (see theorem 
2.4.4|) . This is the content of the so called Kempf-Ness theory. So, in this sense, our 
result can be viewed as a fibrewise generalisation of Kempf-Ness theory. 

There is, however, another point of view which allows to look at theorem |2.1.19| as 
a result a la Kempf-Ness in infinite dimensions. One can give a Kaehler structure to 
the configuration space x S^. Then the action of the gauge group on x ^ is 
symplectic and by isometrics, and the left hand side in equation ( p.l|) is the moment 
map of this action (see sections p.3.1| , |2.3.2| and |2.3.3| ). Finally, ^/^'^ x ^ is a 
invariant complex subvariety (with singularities) of ^ x S^. This point of view was 
adopted for the first time in the context of gauge theories by Atiyah and Bott [|AB|| in 
their study of Yang-Mills equations over Riemann surfaces, which are a particular case 
of the equations that we consider. The idea of Atiyah and Bott was used by Donaldson 
Dol|| in his proof of the theorem of Narasimhan and Seshadri (see below), and it has 



been subsequently often used in studying other particular cases of equation (p 



2.1 Stability and statement of the correspondence 
2.1.1 The Lie group K and its complexification G 



Let G be the complexification of K (see for example ||BtD|] for a general construction 



of the complexification of compact Lie groups) . Let g = t <Sir C be the Lie algebra of 
G. 

Let Pa '■ G ^ GL{Wa) be a faithful representation on a finite dimensional complex 
vector space Wa, and take on Wa a Hermitian metric such that Pa{K) C U(Wa)- We 
will call Pa the auxiliar representation. We denote the restriction of pa to K with 
the same symbol, and the induced representation of g as well. Define the following 
pairing on g: 

{,):Qxg C 

{U,V) ^ {U,V) =TT{pa{u)pa{v)*). 

This pairing is nondegenerate and its restriction to i gives a biinvariant metric. In this 
chapter we will assume that the metric on t used to give a sense to our equations is 
precisely this one. Note that not all biinvariant metrics on t come from a representation 
as above. For example, the biinvariant metrics on Lie(S'^) are in bijection with ]R_|_ and 
only a discrete subset of it corresponds to metrics coming from representations. Most 
likely, however, this condition on the metric on 6 could be relaxed. 
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2.1.2 The setting 

2.1.2.1 In this chapter X will be any compact Kaehler manifold, and we will denote 
LV the symplectic form on X and I G End(TX) the complex structure. Recall that 
we have a principal K bundle n : E ^ X. Let be the space of connections on E. 
We denote ^^'^ C ^ the set of connections which satisfy F^'^ = 0. By the theorem 
of Newlander and Niremberg (see [[NewNi]| ) these are the connections A such that Oa 



defines an integrable holomorphic structure on any associated complex vector bundle 
V. 

Let = T(E XAd K) the gauge group of E. Let tig Eg = E x k G ^ X he the 
associated bundle with fibre G (we consider the action of on G on the left). This 
is a principal G bundle. Let = ^{Eg XAd = r(£' x^d G) be the gauge group of 
Eg- The group is the complexification of ^k- 



2.1.2.2 In this chapter the manifold F will be assumed to be Kaehler. We will 
write its symplectic form ujp and its complex structure Ip G End(TF) (recall that 
both structures are invariant under the action of K by hypothesis). Let J-" = E F 
be the associated bundle and let y = T{J^) the the set of sections of JF. The gauge 
group acts on the left on JF, and hence acts also on J^. Since F is Kaehler, the 
action of on F extends to a unique holomorphic action of G (see ||GS|| ). This allows 
to extend the action of '^^k on ^ to an action of ^^g- 



2.1.2.3 Let 'rf be the set of G-invariant complex structures on Eg for which the 
map diTG '■ TEg — * tt^TX is complex. We define a map C : ^ called the 

Chern map, as follows. An invariant complex structure / G ^ is mapped to the 
connection whose horizontal distribuition is I{TE) fl TE C TE (this makes sense, 
since the inclusion E = E Xk K C E Xx G given hy K (Z G induces an inclusion 
TE C TEg). (This distribuition is K invariant and hence corresponds to a connection 
because / is G-invariant.) The map C is a bijection. Its inverse sends any connection 
A E ^ to the complex structure /^^(A) on Eg defined in |1.1.6| (taking F = G). 



Lemma 2.1.1. Let A G =2/ and let /jr(A) he the induced complex structure on T as in 
Let lEa{A) = C~^{A). By G-invariance the complex structure Ieg{A) + Ip on 
Eg X F descends to give a complex structure on T = Eg XgF . This complex structure 
coincides with Ij^{A). 

The group ^g acts on ^ by puUback. Using the bijection C : ^ — ^ we transfer 
the action of ^g on ^ to an action on This action extends the action of and 
leaves invariant the subset s^^'^ C £/. 



2.1.3 Group actions on Kaehler manifolds 

We will denote (, ) the Kaehler metric on F. This metric is given by {u, v) = ujf{u, Iv). 
Let s E the any nonzero element. Write fig = {fJ-, s)^ : F ^ M. 

Lemma 2.1.2. The gradient of fig is I^s- 



36 



CHAPTER 2. HITCHIN-KOBAYASHI CORRESPONDENCE 



Proof. Let x E F and take any vector v G T^F. Then Vt,(/is) = {dfis,v)T^F = 
ujf{^s, v) = ujf{I^s, Iv) = {I^s, v), by the definition of moment map. □ 

Consider the gradient fiow 0* : F — > F of the function fig, which is defined by these 
properties: 0° = Id and ^0* = V(/Xs) = I^s- Using the action of G on F we can 
write 4>l{x) = e^^^x. 

Definition 2.1.3. Let x & F he any point, and take an element s Et. Define 

\t{x; s) = fisie'^^x). 
Define also the maximal weight X{x; s) of the action of s on x as 

X{x; s) = hm Xt{x] s) G M U {oo}. 

t— >oo 



This hmit always exists since by lemma |2.1.2| the function Xt{x; s) increases with t. 



The definition of the maximal weight depends on the chosen moment map. Since this 
is not unique, we will sometimes write the maximal weight of s G t acting on a; G F 
with respect to the moment map /i as X^{x; s). 

Proposition 2.1.4. The maximal weights satisfy the following properties: 

1. They are K-equivariant, that is, for any k E K , X{kx; ksk~^) = X{x; s). 

2. For any positive real number t one has X{x; ts) = tX{x; s). 



See sections 2.6 and 2.8 for explicit computations of maximal weights in some 



particular situations. 



2.1.4 Parabolic subgroups 



A good reference for this material is [[R2|| . Let g be the Lie algebra of G, and split 



= 3 © cis the sum of the centre plus the semisimple part 0'^ = [g, g] of g. Take a 
Cartan subalgebra f) C g''. Let C f)* be the set of roots. We can decompose 

ae-R 

where go, C g* is the subspace on which f) acts through the character a G f)*. 

Fixing a (irrational) linear form on 1)*, we divide the set of roots in positive and neg- 
ative roots: R = R^UR^ . Let us denote the set of simple roots by A = (ai, . . . , ar) C 
R'^. Recall that the set A is characterised by the following property: any root can be 
written as a linear combination of the elements of A with integer coefficients all of the 
same sign. Furthermore, r equals dime f), the rank of G. The simple coroots are by 
definition a'j = 2a j/ {aj, aj), where 1 < j < r. 

We have taken a maximal compact subgroup K G G. From now on we will assume 
that the following relation holds between K and the Cartan subalgebra f): 3 © f) is the 
complexification of the Lie algebra t of a maximal torus T <Z K. 
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Lemma 2.1.5. Chose, for any root a ^ R, a nonzero element € Qa i'n such a way 
that Qa and g-a satisfy {ga,g-a) = 1- Let M.R* C f) denote the real span of the duals 
(with respect to the Killing metric) of the roots. Assume that^®^ is the complexification 
of the Lie algebra of a maximal torus T of a maximal compact subgroup K G G. Then 

This lemma (and the following ones in this subsection) can be easily proved using 
basic results on reductive Lie groups (see for example ||FH|| ). 

Let Ai, . . . , Ar be the set of fundamental weights, which belong to f)* and are the 
duals with respect to the Killing metric of the simple coroots. Let us denote by 
A'^, . . . , A^ the elements in f) dual to the fundamental weights through the Killing metric. 

To define a parabolic subgroup of G, take any subset A = {a^^, . . . , aj^} C A. Let 

r 

D = DA = {aeR\a = Y^ rrijaj, where rrii^ > for 1 < t < s}. 



Definition 2.1.6. The subalgebra p = 3 © f) © ^aeoQa will be called the parabolic 

subalgebra of g with respect to the set A G A. The connected subgroup P of G 
whose subalgebra is p will be called the parabolic subgroup of G with respect to 
A. Furthermore, any positive (resp. negative) linear combination of the fundamental 
weights Aj^, . . . , Aj^ plus an element of the dual of \{i fl 6) will be called a dominant 
(resp. antidominant j character on p (or on P). 



Remark 2.1.7. We will regard G as a parabolic subgroup of itself (with respect to the 
empty sei C A ). 

Observe that our definition of parabolic subgroup depends upon the choice of a 
Cartan subalgebra I) C and of a linear form on f)*. In general, any parabolic subgroup 
P G G obtained from a different choice of Cartan subalgebra and linear form will be 
conjugate to a parabolic subgroup obtained from our data. 

Let p : K ^ U {Wp) be a representation on a Hermitian vector space Wp. We will 
denote its (unique) lift to a holomorphic representation of the complexification G of 
K by the same letter p : G ^ GL{Wp). Take P C G to be the parabolic subgroup 
with respect to a set A = {ttj^, . . . , aj^} C A. Let x be the dual of an antidominant 
character of P. Thanks to our conventions (lemma |2.1.5| ), x belongs to i6. So, since p 



is unitary, p(x) diagonahses and has real eigenvalues. Let Ai < ■ ■ ■ < A^ be the set of 
different eigenvalues of p(x); and let us write W{\) the eigenspace of eigenvalue A. Let 
W^^ = 0^.<;. W{Xj), and let Wp{x) be the partial flag C VT^^ C ■ ■ ■ C W^^ = Wp. 

Lemma 2.1.8. (i) The action of P leaves invariant the partial flag Wp{x)- Suppose 
that the restriction of p to the semisimple part p* o/p is faithful. Ifx = z+J2k=i ^kK^' 
where ^ G 3, and, for any k, rrik < 0, then P is precisely the preimage by p of the 
stabiliser o/22Jp(x)- (H) Let x G i6 &e any element. There is a choice of Cartan 
subalgebra i) G Q contained in p such that x G f) and x is antidominant with respect to 
P if and only if the stabiliser of the partial flag 22Jp(x) contains P. 



38 



CHAPTER 2. HITCHIN-KOBAYASHI CORRESPONDENCE 



Lemma 2.1.9. Let x be any element in ii. The preimage by p of the stabiliser of 
Wp{x) is a parabolic subgroup Pp{x) of G. Moreover, x is the dual of an antidominant 
character of Pp{x)- 

Let us take now any subspace W C Wp belonging to the filtration Wp{x)- We define 
W' = G XpW ^ G/P. In other words, W = G x W / ~, where {gp,w) ~ {g,pw) for 
any {g, w) & G x W' and p & P. This makes sense, since P leaves W invariant and so 
p : P ^ GL(W'). Define also an action of G on G x W by g'{g,w) = {g'g, g^^g'gw). 
This action is compatible with the relation ~. Indeed, 

g'igp,w) = ig'gp,p'^g'^g'gpw) ~ (g'g, g'^g'gpw) = g'{g,pw). 

Repeating this for each subspace in Wp{x) we obtain the following. 

Lemma 2.1.10. The filtration of vector bundles Wp{x) = G Xp Wp{x) G/P is 
G-equivariant and holomorphic. 

2.1.5 Parabolic and maximal compact subgroups 

Given any parabolic subgroup P C G with Lie algebra p, we will write P^ (resp. px) 
the subgroup P H K (resp. the subalgebra pHt). Pk is a maximal compact subgroup 
of P. 

Lemma 2.1.11. Let Eq ^ X be a G-principal bundle on any topological space X . If 
Eg admits reductions of its structure group from G to a parabolic subgroup P and to 
the maximal compact subgroup K, then it also admits a reduction of its structure group 
from G to Pk- 

Proof. Consider the surjections vrp : G/Pk ^ G/P and ttk : G/Pk ^ G/K. We 
will prove that, for any pair {gpP, gxK) G G/P x G/K, the intersection 7ip^{gpP) D 
Ti^i^g^K) C G/Pk consists of a single point. We can assume, multiplying on the left 
gpP and gKK by that gpP = P. So, if [P] C G/Pk (resp. [K] C G/Pk) is 
Tip^{P) (resp. n]^^{K)), we have to check that for any g G G, [P] fl g[K] C G/Pk is 
a point. Using intersection theory, it is enough to verify that [P] and g[K] intersect 
transversely for any g and that [P] fl [K] consists of a single point (indeed, given any 
point g E G we can connect g to 1 E G with a path, since G is connected; then, if for 
any point g in the path [P] and g[K] intersect transversely, since [K] is compact and 
[P] is closed, ^[P] fl [K] = tj[P] fl (^[-ft'], where denotes the number of elements in A). 
Let b = 3 © [) © 0ag_R+ 0a (this is a Borel subalgebra of g). Thanks to lemma |2.1.5| , 
b + t = g. Any parabolic subalgebra p contains b as a subalgebra, so p + 6 = g. Now, if 
g,p e G and [p] e [P] fl g[K] {[p] denotes the class of p in G/Pk), then T[p][P] = pp/pK 
and = pt/pK- So T'[p][P] + T'[p][P] = T]^p\{G/Pk), and this means that the 

intersection is transverse. On the other hand, [P] fl [K] C Pk consists of a point by 
the definition of Pk- 

Now suppose that there are reductions ap G r(£'(G'/P)) and o"/< G V{E{G / K)) 
(here E{G/P) denotes the bundle Eg Xg{G/P) associated to E with fibre the homoge- 
neous space G/P, and similarly E{G/K)). This means that on each point x E X, after 
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identifying {Eg)x with G, we have cTp(x) E P/G and ax^x) G P/ K. By the preceeding 
observation, these give a unique point in G/Pk- Doing this in every fibre we get a 
unique section ap^ G V{E{G / Pk)) (smoothness is a consequence of transversahty) , 
which is a reduction of the structure group of Eg to Pk- □ 

Lemma 2.1.12. Let P he a parabolic subgroup with respect to the set 

A = {ai^,. . .,aij C A. 

For any j G {ii, . . . , ig}, the element X'j G it (dual with respect to the Killing metric of 
the fundamental weight Xj) is left fixed by the adjoint action of px on q. 

Proof. Fix an i G {ii, . . . ,is}. We will prove that belongs to the centre of 
(p n t) ®K C. Let 

r 

D\ = {a E R\a = ''^^mjaj, where rui^ = for 1 < t < s}. 

i=i 

Then (p fl 6) C = 3 © f) © ^^eo- 0"- This stems from lemma |2.1.5| . If 51 G 3 © f), 
then clearly [X[,g] = 0. And if g E Qa, for a E D\, then [X[,g] = Aj(a) = 0. As a 
consequence, for any g E (p n ®r C, one has [X[,g] = Xi{g) = 0, which is what we 
wanted to prove. □ 



2.1.6 Reductions of the structure group and filtrations 

Let V = Vp^ = E Xp^ Wa be the vector bundle associated to the auxiliar representation 
(see section ^.Lll ). In this subsection we will see that there is a bijection between the 
reductions of the structure group of to a parabolic subgroup P together with an 
antidominant character of P, and certain filtrations of V by subbundles. We denote 
E{G/ P) the bundle Eg ^g (G/P). The space of reductions of the structure group of 
Eg from G to P is r{E{G/P)). 



2.1.6.1 Fix a parabolic subgroup P G G and take a reduction cr g r{E{G/ P)). Let 
X be an antidominant character for P. There is a canonical reduction of the structure 



group G of Eg to K, since Eg = E x k G. By lemma |2.L11| , this reduction, together 
with a, gives a reduction ax E T{E{G/ Pk)), where Pk = P H K. And then, lemma 
2.1.12| implies that we get a section g„^^ E Q'^{E XAd i^) = iLiei^K) which is fibrewise 



the dual of x- 

With the element (^o-.x can obtain a filtration of Vp as follows. First of all, 
p{ga,x) has constant real eigenvalues (which are equal to those of p{x) ^ End(11/p)). 
Let Ai < ■ ■ ■ < Ar be the different eigenvalues, and let Vp{Xj) be the eigenbundle of 
eigenvalue Xj. Finally, let Vp'' = 0j<fc V^(Aj). Denote by 23p(cr, x) the filtration 

c c c ■ ■ ■ c = Vp. 

Alternatively, recall that on G/P there is a filtration of G-equivariant (holomorphic) 
vector bundles, Wp{x) (see lemma p". LI 0|) . G-equivariance allows to define the filtration 
%{X) = E XGWpix) ^ E{G/P). Then ^p{a,x) = cr*^p{x)- 
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2.1.6.2 Conversely, take g G fl^{E XAd i^)- Suppose that p{g) has constant eigen- 
values, and let Ai < • • • < A,, be the set of different values they take. Just as before, 
we consider the filtration 

C Vp^' C C ■ ■ ■ C Vp^^ = Vp. (2.2) 

Fix a point x (z X. After trivialising the fibre E^ we can identify g{x) with and element 
X of Let P = Ppix) (see lemma p.l.9|) . We obtain a reduction a G V{E{G / P)) as 
follows. Let ?/ G X. Trivialise Ey and identify g{y) with Xy ^ i^- Let 

a{y) = {geG\g{Wp{x))='^My)}- 

Then cr(?/) is invariant under left multiplication by elements of P, and in fact gives 
a unique point m. G/P (here we use lemma p.l.9|) . Furthermore, the definition of 
(T{y) is compatible with change of trivialisation in the sense that it gives a section 
a G T{E{G/P)). 

Lemma 2.1.13. The filtration is equal to 23p(cr, x)- 

2.1.6.3 Holomorphic reductions of the structure group 

Suppose that there is a fixed (integrable) holomorphic structure on Eq- This 
structure induces a holomorphic structure on the total space of the associated bundle 
E{G/P), since G/P is a complex manifold and the action of G on G/P is holomorphic. 

Definition 2.1.14. Let a G T{E{G/ P)). A reduction a is holomorphic if the map 

a : X ^ E{G/P) is holomorphic. 

One can give an equivalent definition of holomorphicity in terms of the filtrations 
induced by the reduction a in the associated vector bundles. 

Lemma 2.1.15. Let o G Y{E[G/PY). If the reduction a is holomorphic then, for 
any antidominant character x for P and for any representation p : K U{W), the 
filtration '^p{(7,x) ofVp is holomorphic. Conversely, let g G fl'^ {E x p^^it) have constant 
eigenvalues, and let P G G, a ^ T{E{G/ P)), x ^ (^^id 5Jp(cr, x) he obtained from it 
2.1.6.^ . If^p{(T,x) is holomorphic, then so is a. 



as m 



Proof. Since 23p(cr, x) = o"*^p(x) ^p(x) ~^ E{G/P) is holomorphic, the first 
claim follows. 

We now prove the second claim. Suppose that 23p(o", x) is holomorphic. Fix x G X 
and take a holomorphic trivialisation i?|f/~?7xG'ona contractible neighbourhood 
U of X. With this trivialisation, the restriction of cr to ?7 can be viewed as a map from 
U to G/P. Define a fihration 23^ of [/ x Wp as 23^ (x) = a{x)Wp{x). Then 23p(a, x)\u 
can be identified with SJ*^ and the holomorphic structure on Vp\u corresponds to the 
trivial d operator on f/ x Wp. Hence if 23p((j, x)|(7 is holomorphic then d leaves QJ^ 
invariant. Since p is faithful this is equivalent to (9s = 0. □ 
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2.1.6.4 Total degree of a reduction of the structure group 

Let P be a parabolic subgroup of G with respect to {aj^, . . . , aj^} C A. Suppose 
that a e T{E{G / P)) is a reduction. Let x be an antidominant character of P. 

We begin by defining the degree of the pair (a, x)- Let C V^^ C ■ ■ ■ C V^^ = V 
be the filtration 5Jp^ (cr, x) of V. For any vector bundle V we denote 

deg{V') = 2n{c,{V')U[J--%[X]). 

Here [o;'""^'] denotes the co homology class represented by the form ci;t"~^' and [X] G 
H2n{X; Z) is the fundamental class of X. Then we set 

deg(a,x) = A,deg(l^) + ^^(Afc - A^+i) deg(\/"'=). 

k=l 



2.1.7 Stability, simple pairs and the correspondence 

Let a G r{E{G/ P)) be a reduction. We define the maximal weight of (cr, x) acting 
on a section ^ E ,y = r(jF) of the associated bundle = E F as 

where A($(x); —ga^x^x)) is the maximal weight of —g^^xi^) acting on $(a;) as defined 
in |2.1.3| (note that here we use the i^-equivariance of the maximal weights, as stated 



in lemma |2.1.4| ) . 

Finally, given any central element c G 3 fl 6 we define the c-total degree of the 
pair (a, x) as 

r|(cr, x) = deg(a, x) + [ A($(x); -ig.Jx)) + {ix, c) Vol(X). 

Just as the maximal weights, the c-total degree is allowed to be equal to 00. 

Now suppose that Xq C X has as complement in X a complex codimension 2 
submanifold. Suppose also that a reduction a is defined only in Xq, that is, a G 
V{Xq] E{G / P)). In this case it also makes sense to speak about T|((T, x) for any 
antidominant character x- The only difficulty would be in defining the degree deg(cr, x)- 
However, it is well known that the degree of a vector bundle can be computed by 
integrating the Chern-Weil form in the complement of a complex codimension 2 variety. 

Definition 2.1.16. A pair (v4, <I>) G s^^'^ x y is c-stable if for any Xq C X whose 
complement on X is a complex codimension 2 submanifold, for any parabolic subgroup 
P of G, for any holomorphic (with respect to the complex structure C~^A on Eg, see 
lemma \2.1.1\ ) reduction a G r(Xo; E{G/ P)) defined on Xq, and for any antidominant 
character x of P we have 

n{cr,x)>0. 
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We will say that an element s G is semisimple if, for any x & X, after 
identifying {E XAd q)x — 0, s{x) G 3 is a semisimple element. (This is independent of 
the chosen isomorphism [E q)x — d, because an element of q is semisimple if and 
only if any element in its orbit by the adjoint action of G on g is semisimple.) 

Definition 2.1.17. A pair (A,^) is simple if no semisimple element in Lie(^G) 
leaves {A, $) fixed, that is, for any semisimple s G hiei^G), ^f^'^ {A, $) 7^ 0. 



Remark 2.1.18. // (A, $) is simple then so is any point in the orhit through 

We are now ready to state the main theorem of this chapter. 

Theorem 2.1.19 (Hitchin— Kobayashi correspondence). Let (v4, $) G ^/^'^ x 
he a simple pair. There exists a gauge transformation g G such that 

AFg^A) + f^igm = c (2.3) 

if and only if [A, $) is c-stable. Furthermore, if two different g, g' G '^g solve equation 
(^. 3i ), then there exists k G such that g' = kg. 



We briefly explain the idea of the proof of theorem p.l.l9| . We construct on ^/^'^ x 
X ^G a functional \1/ (that we will call integral of the moment map) whose critical 
points give the solutions of equation ( |2.3|) . We prove that the pair {A, $) is c-stable if 
and only if the functional \1/ is, in a certain sense, proper along the slice {A} x {$} x ^g- 
On the other hand we prove that the functional being proper along {A} x {$} x ^g 
is equivalent to its having a critical point in {A} x {$} x ^Gj thus proving theorem 



Sections |2.2| to |2.5| are devoted to the proof of theorem p^.l.l9|. In section |2.2| we 



explain how to construct the functional \1/ and prove some basic properties of it. This is 
done for any Kaehler action of a Lie group (satisfying certain properties which do hold 



for compact groups and also for the group ^k) on a Kaehler manifold. In section |2]3 
we prove that one can apply the results in section |2.2| to the action of '^^k on ^^'^ x S^. 
More precisely, we define (using an idea of Atiyah and Bott ||AB|| ) a Kaehler structure 
on =2/^'^ X which is respected by the action of '^k and such that the action of ^g is 
holomorphic. In section we pause to look at the case X = {pt} (see the beginning 
of that section for an explanation). Finally, in section |2]^ we give the proof of theorem 



2.1.8 Bogomolov inequality 



In corollary |1. 2.1 7| a certain inequality satisfied by all pairs {A, $) solving equations [L2 



is given. Observe, however, that when F is Kaehler the inequality only depends on the 
^G orbit of {A, $) G ^^'^ x Hence, we may restate that result as follows, obtaining 
a necessary topological condition for existence of solutions to equations ( |2.3|) . 
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Corollary 2.1.20. Suppose that a pair (A, $) G ^/^'^ x y satisfies Oa^ = and 
that there exists a gauge transformation g G such that is satisfied. Then the 
following inequality holds 

I {AFa, c)+ I ^*M^f) a ^["-^1 - ^ / B{Fa^ Fa) A ^[""^l > 0. 



2.2 The integral of the moment map 

In this section we consider the following general situation. Let if be a Lie group which 
acts on a Kaehler manifold M respecting the Kaehler structure, and assume that there 
exists a moment map : M — f)*, where f) = Lie (if). Suppose that there exists the 
complexification L = H'^ of H, and that the inclusion H L induces a surjection 
7ri(ii) — » 7ri(L). Under this assumptions, we construct a functional 

^ : M X L^R 

which we call the integral of the moment map fi, and which satisfies these two proper- 
ties: 

• for any x G M, the critical points of the restriction \E'^ of \E' to {x} x L coincide 
with the points of the orbit Lx on which the moment map vanishes and 

• the restriction of "^r,. to lines of the form {e**|t G M}, where s G I = Lie(L), is 
convex. 

If H is compact then L = always exists and tti (H) — » tti (L) is always satisfied. But 
note that we do not need our manifold M or our groups H, L to be finite dimensional. 
In fact, we will use this construction mainly in the infinite dimensional case (M; H, L) = 
(^/^'^ X S^; '^q) (in section |2.3| we will prove that s^/^'^ x y is a. Kaehler manifold, 
that the action of '^k respects the Kaehler structure, and we will identify a moment 
map for this action). The resulting integral of the moment map will be a certain 
modification of the Donaldson functional, and will be the key tool to prove theorem 
2XT9|. 



2.2.1 Definition of * 

Let us fix a point x G M, and let (/) : L M be the map which sends h E Liohx E M. 
We define a 1-form on L, a = cr^ G VL^{L), as follows: given h E L and v G T^L, 

ahiv) = inihx), -in{v))i, 

where vr : ThL = P) © if) ^ if) is the projection to the second summand. 
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We will use the following formula, which holds for any two vector fields X, Y and 
any 2-form u on M 

duj{X, Y) = Lx{uj{Y)) - Ly{u{X)) - u{[X, Y]). (2.4) 

Equality (|2.4]) is a particular case of a formula which describes the exterior derivative 
of forms of arbitrary degree in terms of Lie derivatives (see ||BeGeV]| p. 18). 

Lemma 2.2.1. The 1-form a is exact. 

Proof. Let us first of all prove that da = 0. Given g E I = Lie(L), let = . 
We will prove that for any pair g,g' E f) U if), da{g,g') = 0. This implies by linearity 
that da = 0. We will treat separately three cases, and will make use of formula ( p.4| ), 
which in our case reads 

rfa(^/, ^/) = (rf(a(^/)), Jr/)TL - (rf(o^(^/)), ^/)tl - o^([^/, ^/]). 

Suppose first that g,g' G (). In this case, vr(jr/) = n{^J/) = 7r([^g^, JT^f]) = 0, 
hence by the formula it is clear that da{^^ , ^g') ~ ^■ 

Now suppose that G f) and G if). Observe that a{^^) = 0, so we have to prove 
that ((i(c7( jr/)), ^/)tl - c^([^/, ^J^]) = 0. Differentiating (C2) in definition [TXT| 
we have 

{d{n,v)ij, ^g)TM+ (/i, [9,v])tj = 0. 
The functoriality of the exterior differentiation d implies that 



hence we obtain 



(rf(a(jr/)),jr/)TL + a(^,^,,]) = o. 

■f r (a- , , _ — X 

a ' 9' J [9,9'] 



On the other hand, since the action of L on M is on the left, [<^„^, = —St^^ 



(rf(a( jr/)), jr/)TL - a([^/, ^/]) = 0, 



which is what we wanted to prove. The case (7 G if) and (7' G f) is dealt with in a very 
similar way. 

Finally, there remains the case g^g' G if). In this situation \g^g'\ G f), and so 
9 ' -^9' 



^{['^n^y "^i/]) = 0. In view of this we have to prove 



(rf(a(^/)), = (rf(o-(^/)), 



The left hand side is equal to (f)*{{d{fi,ig)fj, ^g')TM) and this, by (CI) in definition 



1.1. 1| , is equal to 

where um denotes the symplectic form on M. The right hand side is equal to 
Both functions are the same by the symmetry of (, ). 
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Once we know that da = 0, let us prove that a is exact. Let l : H ^ L denote the 
inclusion. It is clear that L*a = 0. On the other hand, by our hypothesis : t^i{H) — 
7ri(L) is exhaustive. These two facts imply that a is exact. Indeed, if it were not exact 
then we could find a path 7 : [0, 1] L, 7(0) = 7(1) = 1 G L such that 



7 

But then we could deform 7 to a path 7' C H, and, since da = 0, the value of the 
integral would not change and in particular would be nonzero. This is in contradiction 
with the fact that L*a = 0. So a is exact. □ 

Let : L ^ M be the unique function such that "^xi^) = and such that 
d'^x = ■ Define also : M x L 3 {x, g) ^ ^x(fl')- We will call the function \1/ the 
integral of the moment map. 

2.2.2 Properties of * 

In this subsection we give the properties of the integral of the moment map which will 
be used below. 

Proposition 2.2.2. Let x & M be any point, and let s G f). 

1. \l/(x,e''^) = (/i(e'*''x), = Xt{x; s)dt, 

2. f(x, 6^*^)1^=0 = (Ma^),s)(, = Ao(x;s), 

3. Vto e M, 0(x,e'*^)|t=fo > 0, with equality if and only if ^.{e'^^'x) = 0, 

4- Vto > 0, e''*a;) > (/ — to)Xt{x] s) + Cs(x;to); where Cs{x;to) is a continuous 
function on x & M , s G f) and to G M, 

Proof. By definition, ^'(a;, e'^) = /^cr^, where 7 is any path in L joining 1 G L to 

e^''. If we take 7 : [0, 1] 9 t e'*'', then the integral reduces to (/i(e'*'^x), s)tjdt. This 
proves (1). Property (2) is deduced from (1) differentiating. (3) is a consequence of (1) 
and the fact that Xtix; s) increases with t. To prove (4), let Cs{x; to) = Jq° Xt{x; s)dt. 
Then: ^ ^ 

/ Xt{x;ls)dt= / Xt{x;s)dt > {I - to)Xt{x;s) + Csix;to); 
Jo Jo 

the first equality is obtained making a change of variable and using (2) in p.l.4| , and 



the inequality comes from the fact that At(x; s) increases as a function of t. □ 
Proposition 2.2.3. Let x & M be any point, and let s G f). 

1. If g,h e L, then ^(x, g) + ^{gx, h) = ^{x, kg), 

2. for any k E H and g E L, \l/(a;, kg) = "^Ix, g), and \l/(a;, 1) = 0, 
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3. for any k & H and g L, \I/(A;x, h) = k ^gk). 



Proof. To prove (1), observe that for any g & L, a^^ = RgC^, where Rg denotes 
right multiphcation in L (indeed, for any g' E L one has <J^^{g') = cr^ig'g) - as usual, 
we identify the tangent spaces Tg/{L) and Tgig{L) making L act on the right). This 
equivalence, together with the requierement that ^33,(1) = implies that, for any 
h E L, "^gxi^h) = ^x{hg) — ^^(s')- Property (2) is a consequence of (1) together with 
the fact that, for any x G M, ^x\h = 0. Finally, to prove (3) we use points (1) and 
(2): ^'(x; k-'^gk) = ^(x, gk) + "^{gkx, k~^) = ^(x, k) + ^!{kx, g) = "^{kx, g). □ 

Proposition 2.2.4. An element g E L is a critical point of'^^ if and only if fi{gx) = 
0. 



Proof. This is a consequence of (2) in |2.2.2| and (1) in p.2.3| . □ 



Just like maximal weights, the function \1/ depends on the moment map, which is 
not unique. When it is not clear from the context which moment map we consider, we 
will write to mean the integral of the moment map fi. 

2.2.3 Linear properness 

In this section we restrict to the case (M; H, L) = {F; K, G). In particular, recall that 
we have the auxiliar representation pa '■ Q ^ End{Wa) (see section |2.1.1| ). We define a 
norm on g as follows: for any s G g, 

\s\ = {s,sy/' = Ti{Pa{s)pa{srY^'. 

Let logg : G K X exp(it) — »• it denote the projection to the second factor of the 
Cartan decomposition composed with the logarithm. For any g E G we will call 
|5f|iog := I hg^g] the length of g. 

Definition 2.2.5. We will say that is linearly proper if there exist positive con- 
stants Ci and G2 such that for any g E G 

\g\iog < Ci^xig) + C2. 

Proposition 2.2.6. Let h E G and x E F. If^x is linearly proper then "^h^ is also 
linearly proper. 

Before giving the proof of this proposition we prove the following technical result. 
Lemma 2.2.7. Let h E G. There exists C > 1 such that for any g E G 

N-'%h\i,^ - logC < \g\,o, < iV'/'(|^/i|iog + logC). 
Furthermore, G depends continuously on h E G. 
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Proof. Since the Cartan decomposition commutes with unitary representations, 
we may describe the length function as follows. Let a; G G be any element and 
write Pa{x) = RS, where R G U(Wa) and S = exp{u), where u = u*. The matrix u 
diagonalises and has real eigenvalues Ai, . . . , X^. So l^l^^g = J2f=i -^f- Define max(x) = 
max||t,||=i I log ||pa(a;)f II |. Then we have max |Aj| = max(a;) and consequently 

max(x) < |a;|iog < A^^^^max(x). (2-5) 

Let now h E G. Then there exists C > 1, depending continuously on h, such that for 
any g E G and any v eV, G^^\\pa{gh)v\\ < \\pa{g)v\\ < G\\pa{gh)v\\, which implies 

I maxigh) — ma.x{g)\ < logC. (2-6) 
Putting X = gh'm. ( |2.5| ) we obtain 

N-^'^\gh\,,^ < ma.x{gh) < \gh\,,^, (2.7) 
and combining ( p.5| ) with x = g and ( |2.6| ) we get 

m&x{gh) - logC < \g\xog < N^^^{max{gh) + logC). 

Finally, using (^) we get N-'/'\gh\,,^ -\ogG< \g\,og < N^Hlg^og + logC). □ 

Proof. (Proposition p.2.6| .) Suppose that ^'^^ is linearly proper, that is, for any g E G 

\g\iog < Ci^,(^) + C2, 

where Ci and C2 are positive. Fix h E G. Let C > 1 be the constant in lemma |2.2.7 . 
(1) in |2.2.3| tells us that '^hx{g) = '^x{gh) — '^x{h), so we get for any g E G 

\g\io, < N'^Wgh\io, + logC) < N'/\Gi^,{gh) + G2 + logC) 

= N'/\Gi{^,{gh) - ^^{h)) + Gi^,{h) +G2 + logC) 

= N'/\Gi^Ug) + Ci^xih) + G2 + logC), 

so setting G[ = N^/^Gi and G'^ = max{0, N^/\Gi^^{h) +G2 + \ogG)} then G[ and ^ 
are positive and \g\iog < G'l'^hxig) + G'2. This proves that is linearly proper. □ 



2.3 The Kaehler structure on x y 

In this section we will give, following the classical idea of Atiyah and Bott ||AB 



^i^-invariant Kaehler structure on the manifold x . We will identify for this 
structure a moment map of the action of '^k-, the maximal weights and the integral of 
the moment map. 

Recall that the Lie algebras of the gauge groups are Lie(^i^) ^ VP{E x^d and 
lAei^c) — ^^{E XAd fl)- On the other hand, the i^'-equivariance of the Cartan de- 
composition implies that ~ x iLie(^x) (the isomorphism being given by the 
map from '^^k x iLie(^x) to which sends {g, s) to gexp{s)), and from this fact we 
deduce that 71i{^k) — ^ '^li'^c) is a surjection (indeed, iLiei^x) is contractible) . As a 
consequence, the results of section |2.2| apply to actions of '^^k on Kaehler manifolds. 
Hence, there is an integral of the moment map : x x '^q —>■ M. This functional 



will be the main tool in proving theorem 2.1.19 
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2.3.1 Unitary connections 

2.3.1.1 £/ is a Kaehler manifold 

Let ^ be the space of /^-connections on E. Tliis is an affine space modelled on 
f2^(i? X Ad^)- We define a complex structure on as follows. Given any A G s^, the 
tangent space T^^^ can be canonically identified with Q^lEx^^i) = Q'^{T*X ®E x j^^^) . 
Then we set = —I* ® 1. The complex structure 1^/ is integrable. We also define on 
^ a symplectic form Uj^. Let A : Q^''^{X) Qp~^''^~^{X) be the adjoint of the map 
given by wedging with u. Then, if A E and a, P E T^s^ — fl^{E we set 

uj^{a,(3)= [ A{B{a,(3)). 
Jx 



Here B : Vl^{E x xd^)®Q}[E x {^^t) ^l'^{X) is the combination of the usual wedge 
product with our biinvariant nondegenerate pairing (, ) on i. It turns out that is 
a symplectic form on and it is compatible with the complex structure /(/. Hence 
^ is a Kaehler manifold. Furthermore, the action of oii defined in subsection 
2.1.2| is holomorphic and is the complexification of the action of 



2.3.1.2 The moment map 

There exists a moment map for the action of on s^/, which takes the following 



form (see for example |PoKr| , [Ko|| ) : 



/i 



A 



Lie(^x)^ 
AFa. 



Here Fa denotes the curvature of A. It lies in Q'^{E XAd so AFa G i7°(i? XAd 6) C 
Q^{E XAd f^)*, the last inclusion being given by the integral on X of the pairing (, ) on 
t 



2.3.1.3 Maximal weights 

In the following lemma we compute the t-maximal weights X{A; s) for A E ^ and 
s e Q^{E XAd e). 

Lemma 2.3.1. Let A E ^ be a connection, and take s G Lie{^K) = ^^{E XAd i)- 
Then 

Xt{A;s)= [ {AFa,s)+ f \\e'''dA{s)e-'''fdl. (2.8) 
Jx Jo 



Proof. Let J^f^ G T{Ts^) be the field generated by the action of s on In view 



of lemma 2.1.2 we have 



Xt{A; s) =fis{A) + 



A)fdl. 
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We make our computations in which, as we have seen, is isomorphic to ^ as a 
Kaehler manifold and on which the action of is easier to deal with. So let = 
C~^A. By definition, e''^''^^A = C{e''^'^'^dA)- On the other hand, if is the field gener- 
ated by the action of s on ^, we also have by definition ^■^(C((9a)) = -DC(^/^(c)a)). 
The map C is an isometry, so for any 9a € ^ we have [[^^'^(Sa)!!^ = ||^'^(v4)|p. 
Finally, ^^^{Oa) = —dA{s). Gathering all these facts together, we conclude that (we 
use the norm on Q^{E XAd q) induced by the norm | • | on g): 

Xt{A;s)=fis{A)+ f\\{e^''^'''dAKs)fdl = fis{A)+ f \\{e'^'dA){sWdl 
Jo Jo 

= fis{A)+ [ +Ue'''°dAoe-'^'){s)fdl = fi,{A)+ f +\\{e''' odA){s)fdl 
Jo Jo 

(AFa,s)+ / \\e'^'dA{s)e~'^'fdl. (2.9) 
X Jo 

We have used the fact that e''"* and s commute - the action of the gauge group on 
Lie(l^i^) is by conjugation! □ 

When s G (i? XAd and A e ^^'^ the maximal weight is given by exactly the 
same formula. But to prove it one needs to use a technical theorem of Uhlenbeck 
and Yau [[UY1| which allows to regard s as a genuine smooth section of x Ad 6 at the 
complementary of a complex codimension two subvariety of X, and to check that the 
integrals appearing in lemma |2.3.1| converge. 



2.3.1.4 The integral of the moment map 



The results of section apply in our case, so there is an integral of the moment 
map which satisfies all the properties given in section p.2.2| . Fix now a connection 
A e By the results of subsection |2.3.1.3| and using (1) in proposition p.2.2| we see 
that 



Xt{A, s) = 
{AFa, s) + 



{AFa, s) + 
{1 - l)\\e'^'dA{s)e-'^'fdl 



e'^'dA(s)e-'^'fdl 1 dt 



(2.10) 



Then, by (2) in |2.2.3| , the function factors through 

The resulting functional may be seen as a modified Donaldson functional. In fact, when 
F = {pt}, it coincides (up to a multiplicative constant) with the Donaldson functional. 
To see this, one only has to check that the Donaldson functional satisfies property (2) 
in 2.2.2| (see lemma 3.3.2 in [Br2|| for the case F = C"'). 



2.3.1.5 Maximal weights for A G s^^''^ 

Note that since ^/^'^ C ^ is a invariant subvariety (with singularities), the 
moment map, the maximal weights and the integral of the moment map of the action 
of 5ffc on ^^'^ are the restrictions of their counterparts in 
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Recall that V = E Xp^ Wa ^ X is the vector bundle associated to the auxiliar 
representation p^. For any s G Lie(^^/^) we can view Pa{s) as a section of E XAd(pa) 
End(iya). Take a connection A G and consider on V the holomorphic structure 



induced by Oa- Using lemma p.3.1| one can prove the following 



Lemma 2.3.2. Let s G Lie{^K)- If ^{^'i ^) < cxd? then the eigenvalues of pa{s) are 
constant. Let Ai < ■ ■ ■ < A,, be the different eigenvalues of ipa{s), and let V{\j) C V 
be the eigenbundle of eigenvalue Xj. Put V^'' = ®j<kV{Xj). Then, for any k, V^'' is 
a holomorphic subbundle ofV. Furthermore 



r-l 

X{A; s) = Xr deg{V) + ^(Afc - A^+i) degiV^") 

k=l 



Proof. Suppose that X{A; s) < oo. Using the previous lemma with U = ipa{s) and 
V = 9yi(pa(s)), we get for any k > 1 and t > 



TliPaisfdAiPaism < / || S f || c'^^C?^ (s)e 
X JX 

1/2 



-its I 



1/2 



< bllL-l|e'*^^A(s)e-'*1|. 
This, together with formula (|2^ ) implies that \ Tr(pa(s)'^(9^(pa(s)))| = 0, so 

TT{p,{s)'dA{Pa{s))) = 0. 

On the other hand, for any p + q = k, Tt{U^V) = Tr{U^VU'^), so 

TT{pa{sYdA{Pa{s))pa{sY) = 

as well. Finally, 

dTl{pa{sf+') = TridAiPaisY^')) = Tr( PaisYMPaisYpaisr) = 0- 

p+q=k 

Since X is compact this implies that Tr(pa(s)'^^^) is constant for any k. Making 
/c = 1, . . . , n we see that the eigenvalues of s must be constant. 

We now prove the second claim. Using the splitting V = V^(Ai) © • ■ ■ © V{Xr) we 
can write _ 

/ Oa, Ai2 ... Air \ 



A2I dA2 ■ ■ ■ A2r 



\ Ari A 



r2 



dAr J 
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where A, e Q'^'^ViXi) ® V(A,-)*). Let vr^ : ^ ~ © V{Xk+i) © ■ • ■ © ^^(A,) ^ r^'^ 
denote the projection. Then we can write 



/ Ai 
A2 



U = -iPa[S) 



\ 





r-1 



Xr Id + ^^(Afc — Ayfc+i 



fc=l 



\ ... A^ / 

We compute 

9a (m) = 9aOM-Mo9a = ((Aj - Xi)Aij)i<ij<r, 

where i denotes the row and j the column. On the other hand, 
\\e'^'dA{s)e-'^'f = \\e'^'dA{u)e-'^'f 

= \\{{Xj - Ai)e'(^'^^^Mij-)i<i,i<r|r 
= (A.-A.)V'(^-^^)||A,,|p 



From the fact that 



\e'^'dA(s)e-'^'fdl 



is finite, we deduce that Aij = for i > j. So V'^'' is holomorphic for any k. We also 
deduce that e~''*9A(s)e''* converges in the C°° norm as s — > 00 to 



-prOO 



( Oa, _0 

dA, 



\ 





V ... dA. J 
and this implies that the maximal weight X{A; s) is equal to 

/ (AFaoo,s)= / Tr(p,(AF4oc)p„(s)*) = [ Ti{pa{iAFA^)u), 
Jx Jx Jx 

where A°° is C((9^). Let also = C((9aJ. Then we use the formula i Tr AF^^. 
deg(V(Afc)) to deduce that 



X{A; s) = Xr deg{V) + ^^(A, - A^+i) deg{V 
This finishes the proof. 



k=l 



□ 



2.3.1.6 If we consider more generally s G Ll{E XAd t), then X{A; s) < 00 leads to 
a filtration of the locally free sheaf associated to V by refiexive (coherent) subsheaves, 
and not only holomorphic subbundles of V as in the smooth case. To prove this one 



uses a theorem of Uhlenbeck and Yau (see |[UY|] and section 3.11 in ||Br2|| ) . 
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2.3.2 Sections of the associated bundle 

2.3.2.1 y is a. Kaehler manifold 

Here we will define a symplectic form cuy and a compatible complex structure ly 
on TS^, and we will prove that both are integrable. To do that, consider a section 
a G Then T^S^ = r{a*TJ-'y), where TjF^ C TjF is the subbundle of vertical 
tangent vectors of J-', that is, TJ^y = Ker^DiTF)- To define the complex structure, let 
a e r{a*TJ^y). Then Iy{a) ~ Ipcu. This makes sense, since the K invariance of Ip 
imphes that TT^ inherits the complex structure of F. Now let a,P E r{a*TJ^y). We 
define the symplectic form cuy as 

JX 

Two things are clear: is nondegeneratc (this is a consequence of the nondcgcncracy 
of Up) and ujy-' and ly are compatible, that is, (a.f^) = ujy{a,Iyj3) is a Riemannian 
pairing. We have to prove that the two structures are integrable. 

Consider the complex structure ly. First of all, observe that is a complex 
manifold. It is well known that this imphes that Map(X, T) is also a complex manifold, 
with the complex structure induced by that of !F. Since 

^ = {(/) e Map(X, T)\'Kpo(j) = Id} 

and the equation ttf o = Id is complex, the set 5^ is complex, considering the 
restriction of the complex structure of Map(X, T). But this restriction is equal to ly. 

Let us show now that the 2-form a;^ is closed. Fix a section a e 5^. Let {Ua}a&A 
be a finite covering of X trivialising E, with transition functions {^a/j : Ua^MJp — > K}. 
Take a partition of unity tl^a subordinated to the covering. The section a translates 
into a family of sections : Ua ^ F satisfying the compatibility condition o"^ = 
(j)~p(Ja- Using Darboux theorem, and possibly refining the covering {Ua}aeA, we can 
assume that for any a there exists an open subset Va d F symplectomorphic to a 
neighbourhood of zero of M^"' with the standard symplectic structure cuq — Yl^i ^ 
dxi^rn and such that ^^(C/q) C Va- In view of this it is a trivial fact that on Map(C/o,, Va) 
the form 

is closed (here we consider the closure Ua of Ua to avoid problems with convergence). 
So on 

nMap(l4,K.) 

the form a;^ = ^ 7r*a;a is closed (tTq denotes the projection to the factor Map(t/a, Va))- 
But we can see a neigbourhood of cr e ^ as a submanifold of it, namely, 

= {M e Yl Map(l4, Va)\ap = (j>~paa for any a,peA}. 

The form cuy restricts on precisely to uja, which is closed as we have seen. This is 
true in a neighbourhood of a for any a e y, so definitively ujy is closed. 
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2.3.2.2 The actions of S^a' and ^g and the moment map 

Both groups '^^K and act on the space of sections ^ = r(jF), and the action 
of is the complexification of the action of '^^k- On the other hand, acts by 
isometries and respecting the symplectic form, and there exists a moment map ny, 
which is equal fibrewise to fi (the moment map of the action of i^' on F). As such, it 
is a section of Q^{E XAd ^)*• 
2.3.2.3 Maximal weights 

The maximal weight of s G Liel^x) = ^^{E XAd 6) acting on a section $ G ^ is 
given by the integral of the maximal weight in each fibre: 

A($(x); 



This makes sense due to the K equivariance of A (see (1) in lemma |2.1.4|) . 

2.3.2.4 The integral of the moment map 

Once more, the results in section p.2| imply that there exists an integral of the 
moment map of the action of 5^^: on S^. If : F x G ^ M is the integral of the moment 
map of the action of K on F, then, for any section cr G ^ and gauge transformation 

ge'^^G 



Jx&X 



x)). 



This makes sense due to the i^-equivariance of \E': see (3) in 2.2.3 



2.3.3 Symplectic point of view 

We saw that both s^^'^ and and y are Kaehler manifolds, with symplectic forms uj^ 
and ujy and with actions of '^k extending to actions of the complexification '^g- Hence 
s^^'^ X y is also a Kaehler manifold, with symplectic form cu^ + cu.y (we omit the 
pullbacks). The moment map /i^x,j^ of the action of otv x 5^ will simply be the 
moment map of the action on plus that of the action on 5^ . That is, 

(A$) = Ai^A + M*)- 

So equation ( p.3| ) can be written as /x^x.y = c, where c denotes the central element 
in (Lie(^A:))* = ^[E XAd ^)* which is fibrewise equal to a central element c G 6*. 
Furthermore, we have the following result. 

Lemma 2.3.3. T|(a, x) = A^^'*+^(*)-^((v4, $); -i^,,^). 



Proof. Combine subsections 2.3.1.5 and 2.3.2.3. □ 
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2.4 Analytic stability and vanishing of the moment 
map in finite dimension 



In this section we will pause to prove theorem |2.1.19| in the case X = {pt}. This is 



done for two reasons. First of all, this particular case has some interest per se and its 
proof is considerably easier that that of the general case (specially because there is no 
connection and the analysis is elementary). The second reason is that theorem |2.1.11j 



can be viewed as an infinite dimensional generalisation of the result in this section. 

The results in this section (at least for the case in which F is projective) have been 
known for many years: see [ [KelN e| , [K]|] . That they are related with Hitchin-Kobayashi 
correspondence was also known since the first cases of the correspondence were studied. 
Our intention here is to make more concrete this relation and to stress on the similarities 
between the finite dimensional situation X = {pt} and the general one considered in 
theorem p.l.l9| (which corresponds to the situation in which F = ^^'^ x with the 
actions of and ^g)- For example, the different versions of Donaldson functional 
used in the literature are in fact particular instances of a construction which works for 
a wide class of Kaehler actions of Lie groups on Kaehler manifolds (namely, what we 
have called the integral of the moment map). Moreover, the c-stability condition is also 
a particular case of a general notion of stability for group actions on Kaehler manifolds 
(the so-called analytic stability). And the very correspondence coincides almost word 
by word with theorem |2.4.4| given in this section. The proof which we give here works 
only for Kaehler actions of compact groups, and so it can not be used in the general 
situation (in which the group is ^i^). Nevertheless, the scheme of the proof will be the 
same in the general situation. 

Let us write : F x G ^ M for the integral of the moment map fi : F —>■ t*. 

Definition 2.4.1. Let x & F . We will say that x is analytically stable if for any 

s G the maximal weight of s acting on x is strictly positive: 

A(x; s) > 0. 



Lemma 2.4.2. A point x & F is analytically stable if and only if'^x is linearly proper. 



Proof. Suppose first that x is analytically stable. We have to prove that there 
exist two positive constants Ci, C2 G M such that, for any s e 6, < Ci\E'^(e"*) + C2. 
Assume that there are not such constants. Then, we can find sequences {sj} C t and 
{Cj} C M such that \\sj\\ 00, Cj 00 and, for any j, \\sj\\ > Cj\E'^(e''^j). Let 
Uj = Sj/\\sj\\. After passing to a subsequence, we can assume that Uj ^ s. Take now 



any t > 0. By our hypothesis, and making use of (4) in proposition |2.2.2 



J_ > > m\-t) C^^ix;t) 
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Now, making j — >• oo, we obtain > Xt{x;s), since, by the compactness of -Bt(l) = 
{s e i\ \\s\\ = 1}, Cuj{x; t) is uniformly bounded. This is true for any t > 0, so passing 
to the limit t ^ cxd we get 

> A(x;s), 

which contradicts analytic stability. 

Now suppose that there exist positive Ci and C2 such that for any s El 

\\s\\<Ci^M') + C2. (2.11) 

We have to prove that x is analytically stable. So take s G 6 and assume that A(x; s) < 
0. In this case, for any t > 0, ^'^^(e'*'') = Xi{x;u)dl < 0, which, for t big enough, 
contradicts ( p.ll|) . This proves that x is analytically stable. □ 



Corollary 2.4.3. Let x E F. Then x is analytically stable if and only if hx is analyt- 
ically stable for any h E G. 



Proof. This is a consequence of the preceeding lemma together with lemma |2.2.6 . 



□ 

Theorem 2.4.4. Let x E F be any point. There is at most one K orbit inside the 
orbit Gx <Z F on which the moment map vanishes. Furthermore, x is analytically 
stable if and only if: (1) the stabiliser Gx of x in G is finite and (2) there exists a K 
orbit inside Gx on which the moment map vanishes. 

Proof. We first prove uniqueness. Assume that there are two different K orbits 
inside a G orbit on which the moment map vanishes: say, Kx and Kgx, where g E G. 
By the polar decomposition we can assume that g = e''^, where s G 6. Consider the 
function '■ G ^ M. By proposition |2.2.4| , since = 0, both l,g E G are critical 
points of "^x- Consider now the path 7(t) = e'*'^ connecting 1 and g. (3) of the 
proposition tells us that the restriction ip of "^x to this path has second derivative > 0. 
Since and 1 are critical points of ip, the second derivative must vanish at any point 
between and 1. In particular, ^^{x, e^^^)\t=o = 0; but this implies (again, (3) of the 
proposition), that the vector field =^(a;) = 0, which gives ^is{x) = I^s{x) = 0. So 
and the two orbits Kgx and Kx coincide. 

Suppose now that the point x is analytically stable. Let us see that there is a 



K orbit inside Gx on which /i vanishes. By lemma |2.4.2| , the function ^x is linearly 
proper. Using (2) in |2.2.3| , we conclude that there must exist a critical point in the G 
orbit of X. Indeed, if {sj} C 6 are such that e'*^ is a minimising sequence for ^x, then 
by the preceeding lemma the set {sj} is bounded; so it has a subsequence converging 
to a certain s G and e'* is a minimum of '^x (of course, here we use that 6 has finite 
dimension). At this point (even more, at the K orbit through this point) the moment 



map must vanish. Let now y = e'*x. By lemma p.4.3| y is analitically stable. If the 
stabiliser Ky of y in K were not finite, then, since K is compact, its closure would be 
a Lie subgroup of K of dimension greater than zero. In particular, there would exist 
an s G t such that ^s{y) = 0. But then e^'^y = y for any t, so that the gradient flow 0* 
leaves y fixed. This means that A(?/; s) = —X{y] —s), so that either A(?/; s) or X{y; —s) 
(or both) is < 0. This contradicts analytic stability. So Ky is finite. 
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Finally, since fi{y) is invariant under the coadjoint action of K in t*, it turns out 
that Gy is the complexification of Ky. Let us see why (we copy the proof of proposition 
1.6 in HSj). One inclusion is easy: Gy contains the complexification of Ky. For the 
other inclusion, let ge^^ be an arbitrary element of Gx, where g & K and s G We 
want to show that g G K^. and s & (where is the infinitesimal stabliser of x). 
Using the fact that /i is i^-equivariant we have 

/^(e''x) = g'^ji^ge^'x) = g~^ii{x) = ij,{x). 



Now, lemma |2.1.2| implies that s G t^, from which we deduce that g G K^. This finishes 



the proof. So Gy is finite and in consequence Gx is also finite. 

To prove the converse, let x E F. Assume that Gx is finite and that there exists 
g E G such that ^{gx) = 0. Then Ggx is also finite and consequently so is Kgx- This 
implies that, for any s E t, .^isigx) ^ 0, so (lemma p.l.2| ), \{gx\ s) > fis{gx) = 0. This 
means that gx is analytically stable, hence so is x. □ 

It is an exercise to verify that the property on analitically stable points of F of 



being simple (see subsection 2.1.7 ) is equivalent to that of having finite stabiliser in G. 

Using the results in this section one can also study the equation fi = c, where c G 6* 
is any central element. Indeed, /i — c is a moment map, and so one only has to consider 
the maximal weights A'^"'^ and the integral 



2.4.1 Kempf-Ness theory 

Suppose now that F is a projective variety, with polarisation ^f(I) F and such 
that the action of G on F lifts to an action on (^i?(l). This implies that the action 
of G on F extends to an action on the projective space P(iy) and that this actions 
linearises to an action of G on W. The following definition is due to Mumford: 

Definition 2.4.5. Let y E F he any point. We will say that y is stable if its stabiliser 
in G is finite and there exists an integer n >1 and a G invariant section s of ^^{n) 
such that Fg = {y' G F\s{y') ^ 0} G F is affine, contains y and all the orbits of G in 
Fg are closed. 



The relevance of this definition comes from this fact. While in general it is not 
possible to give an algebraic structure to the set of orbits F/ G, if we restrict ourselves 
to the set F^ of stable points, then we can give F'^/G a very natural algebraic structure. 
(This is the content of Geometric Invariant Theory; see ||1V11''K| |.) 



The main point of Kempf-Ness theory is that the condition of stability defined by 
Mumford coincides with the condition of analytic stability. The link between both 
definitions is given by the Hilbert-Mumford numerical criterion, which allows to decide 
whether y E F is stable. 

Definition 2.4.6. A one parameter subgroups of G (1-PS for short) is a mor- 
phism a : C* — s> G. 
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Lemma 2.4.7 (Hilbert-Mumford). The point y & F is stable if and only if for any 
1-PS a and any lift y G W , there exists a weight of a in y which is > 0, that is: if 
y = Ylin&yri! where a{t)yn = t"'yn, there is an integer n > such that yn 7^ 0. 



In ([^|, page 107) it is proved that in Hilbert-Mumford's criterion one only needs 
to consider 1-PS which are compatible with K. These are the 1-PS which are 
obtained after complexifying any group morphism ax : ^ K. Such an ax is 
completely determined by its differential at the identity, say Sa G t. We will call the 
elements of the form Sq, G t integral weights, and we will write 6q the set of integral 
weights. Observe that if s G 6 is an integral weight, then the maximal weight of the 
one parameter subgroup exp(s) acting on y is equal to X{y; —s) (see lemma |2.7.1| ). 



Lemma 2.4.8. Following the notations above, let x G P(iy), and suppose that, for 
any integral weight s G ^q, X{x; s) > 0. Then, the same inequality is satisfied by any 

set. 

Proof. Suppose that the hypothesis of the lemma hold, and take any s G 6. The 
closure 

T = {exp(ts)|t G M} C K 

is a torus. Let t C 6 be its Lie algebra, and let tc = t<S)R C be the complexification of i. 
Then there is a free Z-module Act such that T = t/A. Since T is compact, MA = t. 
Let s' G QA. Take n G N such that ns' G A. All the elements in A are integer weights, 
so X{x; s') = ^A(x; ns') > 0. 

Decompose = W^, where x ^ characters of T, in such a way that any 

e G ic acts on multiplying by Suppose that A(x; s) < 0. This means that if 

x{s) > 0, then the component of x in vanishes: x^ = 0. Now, taking into account 
that the weights x that appear in the decomposition of W take rational values when 
evaluated on i(QA), we deduce that we can approximate s by an element s' G QA such 
that A(x; s') < 0. But this is not possible in view of what we saw in the preceeding 
paragraph. Therefore, for any s G it one has X{x; s) > 0. □ 



Together with theorem |2.4.4| this proves the following 



Theorem 2.4.9. A point x & F is stable in the sense of Mumford if and only its 
stabiliser is finite and there exists g E G such that fi{gx) = 0. 

Of course, we have only proved this when the symplectic structure of F is that 
induced by the Fubini-Study symplectic form through the embedding given by ^f(I)- 
In a much stronger result is proved, which is true even if the symplectic form in F 
is different from the one induced by Fubini-Study. 



2.4.2 The general case 



In view of lemma |2.3.3| , if the results in this section were valid for infinite dimensional 
Lie groups, then theorem ^.1.19| would follow from it. To the best of the author's 
knowledge, there is no general result as theorem 2.4.4 valid in infinite dimensions. 
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However, although the proof of theorem 2.4.4 does not apply directly to the case of 
'^^K acting on =2/^'^ x ^ (since there we make strong use of the fact that the group 
acting symplectically is compact), one can use some of the ideas (with some additional 
analytic results) to prove theorem |2.1.19| . This will be done in the next section. The 
main strategy will be, following the usual approach in proving the Hitchin-Kobayashi 
correspondence, to minimize the integral of the moment map. 

As a final comment, note that so far we have defined the gauge group as the space 
of smooth sections of a certain bundle. Eventually, it will be necessary to take a metric 
on (and ^g) and complete both spaces with respect to the metric, to assure the 
convergence of certain sequences. We will use Sobolev and Lf norms. 



2.5 Proof of the correspondence 

2.5.1 The length of elements of the gauge group 

There are several ways to extend the notion of length to elements of the gauge group. 
We will mainly use these two definitions: if g E '^g-, then |5'|iog,co = II Is'liogllc" and 
similarly |(7|iog,Li = || Is'lioglUi (to give this a sense we use the K invariance of the 
length function, which is a consequence of the fact that the Cartan decomposition 
G ~ i^' X exp(it) is i^'-equivariant). Define a norm || ■ in Lie(5fG) = XAd fl) 

as the U' norm of | • |: if s G ^{K XAd fl) then 




We will usually write || ■ || instead of || ■ 11^2. 



2.5.2 Stability implies existence of solution 



Here we will follow the scheme in section p.4| . Fix a pair (A, $) G ^^'^ x 5^ . We 
will make use of the integral of the moment map [fi^A^ $) = KFa + Ai('^') — c, = 
= (^■^)a + (^'^)# > and will see that if the pair (A, $) is simple and c- 
stable, then there exists a '^k orbit inside the orbit of (A, $) on which attains its 
minimum. The main step will be to prove that if the condition of c-stability is satisfied, 
then the map satisfies an inequality like that in lemma p.4.2| . This method of proof 
is exactly the same that appears in Pr2| , PrGPl| , |DaUW|| (and in many other places 
where similar results are proved), though here we have tried to remark the similarities 
with the finite dimensional case, so our notation changes a little bit. However, in some 



steps of the proof we will only give a sketch, refering to ||Br2|| for details. 

Recall that on g we have a Hermitian pairing (, ) : x g C and a norm | • |, 
both obtained by means of the auxiliar representation p^. We will use the following 
jj> norm on V^(E XAd s): 



\S\\lv 



X 



1/p 
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and Sobolev norm 

llsllif = \\s\\lp + IMa^IIlp + ||Vc/as||lp, 



where V : n°(T*X ® E XAdfl) ^\T* X E x j^d q) is Vz,c®c?a, Vlc being the Levi- 
Civita connection. As usual, L2{E x^d fl) will denote the completion of Q^{E XAd fl) 
with respect to the norm || ■ ||^p. 

2.5.2.1 Suppose from now on that (A, $) is simple and c-stable. Our aim is to 
minimise '^'^ in ^gMk- Through the exponential map we can identify ^gI'^k with 
^{E Fix from now on p > 2r;, and define 

Metl = Ll{E XAd ie). 

The first thing to do is to restrict ourselves to the subset of M.et^ defined as follows: 

Metl^ = {se Metl\U%e%A,m\% < B}. 

Here B is any positive real constant. We prove that if a metric minimizes the functional 
in Jviet^Q, then it also minimizes it in M.et2- For that it is enough to see that any 
minimum in Aiet^ ^ lies away from the boundary of M.et^^\ to verify this claim one 
needs the hypothesis that the pair {A, $) is simple. Let us briefly explain how this 
goes (see also [[Br2|| , Lemma 3.4.2). 



Suppose that s minimizes the functional inside Jviet^^. Let B = e'^{A), 6 = e'^($). 
Define the differential operator L : L^{E x^a '^^) U'{E XAd i^) as 



LH = i|/xV"(5,e)) 



= u)T{s^xy)iB, 6). 

t=o 



Now, if we can see that there exists an u such that 

= -i/i"(5,e), (2.12) 

then we can deduce that fJ^'^{B, G) = and, hence, that s minimizes the functional in 
the whole space of metrics M.et^ (see [Pr2|| , Lemma 3.4.2 for a proof of this fact). The 



operator L is Fredholm and has index zero. Indeed, modulo a compact operator it is 
iAdsdB- Using the Kaehler identities this is equal to d^ds, which is clearly an elliptic 
self adjoint operator. This implies that if Ker(L) = then L is surjective and so, in 
particular, equation ( |2.12| ) has a solution. Assume that L{u) = 0, where u G M.et^. 
Then, by lemma p.l.2| , 

= {-\L{u),-\u) = {{dlj'',u)T{^^y),-m)ue{'»K)iB,Q) 

= ||^_i;''^^(5,e)||2. (2.13) 



And this implies that —iu leaves {B, 0) invariant. Hence if u 7^ then, since u is 
semisimple, {B, G) is not simple, so neither is {A, $); and this is a contradiction. 
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2.5.2.2 The next step is to prove that the functional is hnearly proper with 
respect to the C° norm in '^^G■ 

Lemma 2.5.1. There exist positive constants Ci,C2 such that for any s G Aiet^ ^ 
one has sup |s| < Ci^''(e'*) + C2. 

Remark 2.5.2. It makes sense to speak about sup \s\ because, since we took p > 2n, 
the Sobolev embedding theorem implies that L2 ^ C° continuously (in fact, this is a 
compact embedding) . 



Just as in lemma p. 4. 2| , it is here that one uses the stability of the pair {A, $). First 



of all one sees that such a bound is equivalent to an bound: < Ci\E''^(e'*) + C2 

(the constants in both inequalities need not be the same!). One uses that pointwise 

|s|A|s| < (AFe.(A) - AFa, -is). (2.14) 



This is proved in full detail in ( Pr2|| , Prop. 3.7.1) for G = GL{n;C) and the metric 



induced by the fundamental representation. In our case, we use the auxiliar represen- 
tation Pa to apply this result to our G. 

Lemma 2.5.3. For any point x G X 

< (/i(e"<l'(x)) - fii<^ix)), -is(x))j. (2.15) 

Proof. The gradient flow of /i_is is precisely (see lemma p.l.2|) . □ 

Summing the inequahties ( |2.14D and ( ]2.15| ), using Cauchy-Schwartz, and dividing 
by |s| we obtain the following pointwise bound: 

A\s\<\p%e'iA,^))-p%A,^)\. 



And now, making use of a result of Donaldson (see ||Br2|| , Lemma 3.7.2), this bound 



allows to relate the C° and norms of s provided s G Aiet^^. More precisely, 
we conclude that there exists a constant Gb such that for any s G AAet^^ one has 
\\s\\co < Gb\\s\\l^. 

2.5.2.3 In order to prove the existence of constants Gi and G2 such that \\s\\li < 
Cj^v]>f=(e'*) + G2, we suppose the contrary and try to deduce that in this case the pair 
{A, $) cannot be c-stable. If there exist not such constants, then we can find a sequence 
of real numbers Gj 00 and elements Sj G TWetg^ with ||sj||ii — > 00 such that 
IsjIIli > Cj'^^{e^) (see [Pr2|| , Lemma 3.8.1). Set Ij = Uj = Ij^sj so that 



II^jIIli = 1 and sup \uj\ < G. 

Lemma 2.5.4. After passing to a subsequence, there exists Uoo G Ll{E XAd i^^) such 
that Uj Uoo weakly in L\{E XAd 16) and such that 

X{{A,^)--\uoo)<Q. 
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Proof. Just as in lemma 2.4.2 , take t > 0. Then (4) in proposition 2.2.2 gives 



1 

— > 

c, - 



+ 



> ^ 



'-Xt{{A,(!>);-mj) + - / Xi{{A,(!>);-mj)dl 



h 

- / {Xi{A--mj) + Xi{^]-m.j))dl. 

h Jo 



(2.16) 



Now, since ||Mj||c"' < Cb, and X is compact, At($; — iMj) and Aj($; —\Uj)dl are both 
bounded. Hence, there exists C such that for any j 



u 



7 — Xt[A--mj) + - 



Xi{A] -\Uj)dl < C. 



Using again the boundedness of HmjUco and taking into account lemma p.3.1| we obtain 

PaMIIl^<Ci. 

Now, Wj = Uj (because the Cartan involution leaves it fixed), and this implies that 
||Mj||j;^2 is also bounded. So we can take a subsequence (which we again call {uj}) 
that converges weakly to Uoo G Lf. We can also assume that there exists the limit 
limj^oo Xt{{A, $); —iuj). On the other hand, since the embedding Li ^ is compact. 



we get strong convergence Uj 



Ur 



in L\ 



\u 



1 and the uniform bound 11 m 



'ill CO 



< 



Cb imply that HMjULa > C^^ > 0, so Uoo 7^ 0. To see that Af((A, $); — i-Uoo) < 
limj_,oo Xt{{A, $); —iuj) we observe that 

Uj G Ll c^{E XAd it) = {se L\E XAd it) I |s(a;)| < Cb a.e.}. 

This implies that Mqo G L^q^^E x^d 16), and this is enough to get the inequality (see 
||Br2|| , proposition 3.2.2). Finally, making j — > 00 in formula ( |2.16| ) we obtain 

lim XtiiA,^);-mj) < 0, 

i— ►oo 

SO in particular Xt{{A,^); —iuoo) < 0. Since this is true for any t > 0, we get 
A((A*);-iMoo) < 0. □ 

The next steps are rather standard. One can prove that Pa{uoo) has almost ev- 
erywhere constant eigenvalues and that it defines a filtration of V by holomorphic 
subbundles in the complement of a complex codimension 2 subvariety of X. This 
follows exactly the same lines as sections 3.9 and 3.10 in ||Br2|l , the main technical 
point being the use of a theorem of Uhlenbeck and Yau [pjY|| on weak subbundles of 
vector bundles (see section 3.11 in ||Br2|| ). The filtration of V on Xq and the gauge 
transformation Uoo lead to a reduction of the structure group a G r(Xo; E{G/ P)) de- 
fined on Xq by p.l.6.2| which will be holomorphic thanks to the results in subsection 
|2.1.6.3| , and an antidominant character x of P- The degree of the pair (cr, x) equals 
A((y4, $); — iuoo) < 0. And this contradicts the stability condition, thus finishing the 
proof of lemma p. 5.1 . 
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2.5.2.4 With the inequahty of lemma 2.5.1 in our hands, we finish the proof of 
existence of solution to the equations exactly as is done in ||Br2 



section 3.14. This 

consists of two steps: the first one is to verify that there exists an element s G 
minimising and the second one is to prove the smoothness of this solution s 



Met% 



2.5.3 Existence of solutions implies stability 

The method we will follow in this section will be exactly the same as in the finite 



dimensional case in section 2A. Let us take a simple pair {A, $) G s^^'^ x . Suppose 
that there exists a gauge transformation h G '^g such that h{A, $) satisfies equation 
( p.3|) . Then the pair h{A, $) is analitically stable, by exactly the same reasoning as in 
section O. The key step is to prove that this implies that (A, $) is also analitically 
stable. 

Take Xq C X with complement of complex codimension 2, P G G parabolic, x 
antidominant character of P and fix a reduction a G r(Xo; E{G/P)). By |2.1.6.1| we 
get a section g^^^^ G Q^{Xq; E x^d it), and we have to check that X{{A, $); —ig^^^.) > 0. 

Since h{A, $) is analitically stable, given any B > there exist constants Ci and 
C2 such that for any s G M.et\ ^ there is an inequality 

suv\s\<C,^>l^j,^^^{e^)+C2. (2.17) 
This inequality is valid not only for s G Aiet^^, but also for any 

s G Metl{CB) = {s G L^(Xo;E XAdit)! \\s\\co < Cb\\s\\lA, 

as one can see tracing the proof of lemma |2.5.1| . (The only property on X that is used 
in the proof of the inequality for s G M.et^{CB) is, besides having finite volume, that 
it has no nonconstant holomorphic functions; and this also happens in Xq, by Hartog 
theorem.) This proves the following. 

Lemma 2.5.5. Fix a positive constant Cb- There exist positive constants Ci, C2 such 
that the following holds. Let g G ^^^(-'^o) = ^^{.Xq;E XAd G) he such that \g\\og,c° < 
CfilS'liog.Li < 00. Then 

l^liog.co < Gi^l^A^^){g) + G2. 



If we take Gb = Vol(X)~-^ then \ga,x\co ^ Cb|5'o-,xUi (i^i fact we have equality, 
since \ga^x\ is constant). So reasoning exactly like in lemma p. 4. 2 , the preceeding 
lemma implies that X{h{A,(^)] —\g„,^ > 0. To deduce that \{{A,(^)] —\g„^^ > as 
well, we need the following lemma. 

Lemma 2.5.6. There a positive constant G'^ such that for any g„^^ and h and for big 
enough (depending on g^^^ h) t > 0, 

p \log,C° ^ ^bI'^ "' llog,Ll- 
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Proof. This is a consequence of lemma p. 2. 7 and the fact that X is compact (so 
\h\ and \h~^\ are bounded functions on X). □ 

Now we set Cb = C'^ in lemma p.5.5| , and proceeding as in the finite dimensional 
case (lemma p.2.6| ) we deduce that there exist positive constants and such that 
for any t > 



sup \tg^^. 



tsup \g„^J 
> 0. 



h{A,<S>y 



+ C''. 



This implies that X{{A; $); —iga-^^) 

By lemma |2.3.3| this is equivalent to T|(cr, x) > 0. With this we see that {A, $) is 
c- stable. 



2.5.4 Uniqueness of solutions 

The proof is exactly as in the finite dimensional case (see section p.4| ): it follows from 
the convexity of the integral of the moment map. 



2.5.5 Nonsimple pairs 

The Hitchin-Kobayashi correspondence which we have proved applies only to simple 
pairs {A, $) . This restriction, however, can often be relaxed. As an example, suppose 
that there are elements in the centre Z = Z{g) oi G which leave F fixed (trivial 
example: F equal to a point). Any element z & Z gives an element of the Lie algebra 
of the gauge group, which we still denote by z. This element is semisimple and for any 
t the exponential exp{tz) fixes all connections in £/, and by our assumption fixes also 
$. In this situation, the pair {A, $) is not simple. 

When our group G is GL{V), there is a standard way to solve this problem. We 
assume that the center Z of GL{V) leaves $ fixed (note that this is not the case of 
the vortex equations). We split the equation in the Z part and in the G/Z part as 
follows. Define to be the set of gauge transformation with determinant pointwise 
equal to 1, and suppose that there are no semisimple elements in the Lie algebra of 

which leave {A, $) fixed; under this assumption we can find an element g G so 
that g{A, $) solves the trace- free part of the equation (observe that our proof applies 
to this situation); then Hodge theory gives a central element in which, composed 
with g, solves the complete equation. 

This idea applies for any reductive Lie group G. We just need to give a generalisa- 
tion of the condition of having determinant pointwise equal to 1 which we imposed to 
the elements in This is given by the following 

Lemma 2.5.7. Let G be a reductive Lie group. There exists k > 1 and a morphism 
(f):G^ (C*)^ such that Ker n Z is a discrete subgroup of G. 

Proof. Take a faithful representation p : G GL(W). Split W in eigenspaces 
of the roots of Z acting on W: W = Wi © ■ ■ ■ © Wk, so that any central element 
z E Z acts on any piece Wj by homotecies. Then p{G) C GL{Wi) x • ■ ■ x GL{Wk), 
so that for any g E G we have p{g) = {gi, . . . ,gk). Let cj) : G ^ (C*)*"' be defined 



64 



CHAPTER 2. HITCHIN-KOBAYASHI CORRESPONDENCE 



as (l){g) = {detgi, . . . ,det gk). Now suppose that there exists s G Z{g) such that, for 
any t, (/)(e*^) = (1, . . . , 1). Since e*'^ acts by homotecies on each piece, we must have 
p(e*^) e Z{SL{Wi)) X ■ ■ ■ X Z{SL{Wk)) ~ Z/wiZ x ■ ■ ■ x Z/w^Z for any t, where 
Wj = dimWj. This imphes that p(e*'^) = (1, . . . , 1) and, since p is faithful, z = 0. This 
proves that Ker fl Z is discrete. □ 

Suppose for simphcity that the whole center of G leaves $ fixed. We then define 
to be the set of gauge transformations which fibrewise belong to Ker (j), and proceed as 
in the case G = GL(y): we find g E'^q such that the center free part of the equation 
is solved and then use Hodge theory to solve the complete equation. 



2.6 Example: the theorem of Banfield 



Suppose that F is a Hermitian vector space and that K acts on F through a unitary 
representation p : K U{F). D. Banfield Pa|| has recently proved a general Hitchin- 
Kobayashi correspondence for this situation. The work of Banfield generalises existing 
results on vortex equations, Hitchin equations, and on other equations arising from 
particular choices of K and p (see subsection |1.1.1.3|). 



In this section we will see how 



the result of Banfield can be deduced from theorem p.l.l9| . 



2.6.1 The stability condition 

The first thing we do is to study the maximal weights of elements in 6 acting on F 
through p. Let h be the Hermitian metric on F. The imaginary part of h with reversed 
sign defines a symplectic form up compatible with the complex structure and hence a 
Kaehler structure. The action of K on F respects the Kaehler structure and admits a 
moment map p : F ^ t* 

p{x) = -^p*{x X*). 

In other words, for any s E t, {p{x),s)i = —^h{x, p{s)x). Let x E F and take an 
element s E t. Since p{s) E u(F), the endomorphism p{s) diagonalises in a basis 
Ci, . . . , e„: ip{s)ek = Xk^k, where is a real number for any k. Write x = XiCi + ■ ■ ■ + 

Lemma 2.6.1. If Xk ^ for every k such that Xk 7^ 0, then the maximal weight X{x; s) 
is equal to zero. Otherwise it is 00. 

Let us assume that the representation p is contained in the auxiliar representation 
Pa- Let E —>■ X he a. G-principal bundle on a compact Kaehler manifold X. Let 
J-" = E XpF he the vector bundle associated to E through the representation p. Take a 
pair {A, $) E s^^'^ x =5^, and fix a central element c G 6. Consider on E the holomorphic 
structure given by (9^. According to definition |2.1.1(j| , (A, $) is c-stable if and only if 
for any parabolic subgroup P C G, for any holomorphic reduction o E r(Xo; E{G/ P)) 
defined on the complement of a complex codimension 2 submanifold Xq of X and for 
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any antidominant character x of P, the total degree is positive: 

The total degree is the sum of deg(cr, x) plus the maximal weight of the action of g^^x 
on $ plus (ix, c) Vol(X). The maximal weight is 

Xmx);-ig„Jx)). (2.18) 

Define now = J-'~{(t, x) C to be the subset given by the vectors in !F on which 
g(T,xi^) ^^^^ negatively, that is, v E J-'x belongs to J-'~ if and only if you can write 
V = "^Vn such that (7o-^^(x)(f„) = A„f„ and A„ < 0. Since the eigenvalues of g^^^ 
constant, JF~ is a subbundle. And since the parabolic reduction is holomorphic, so is 



If $ C , then the maximal weight at each fibre is equal to zero by lemma |2.6.1 
so the stability condition reduces to 

deg(a, x) > 0. 

On the other hand, if ^ JF^, then there is an open neighbourhood U of x such 



that $(|/) ^ J^y for any y E U. In this situation lemma |2.6.1| tells us that, for any 
y E U, A($(?/); —iga^xiy)) = Since this happens in an open set, the integral ( |2.18|) 
is infinite (since X is compact, $ is bounded and so A($(x); — i(?o-,x(^)) is bounded 
below). But the degree deg(cT, x) is always a finite number, so the total degree will be 
positive (infinite, in fact) in this case. To sum up. 

Proposition 2.6.2. The pair (A, $) is stable if and only if for any P,cr,x as above, 
if ^ is contained in J^~{a,x), then 

deg(a,x) + (ix,c)Vol(X)>0. 
And this is precisely Banfield condition. 



2.6.2 Simple pairs 

To give a characterisation of simple pairs we use the following definition due to Banfield 

Definition 2.6.3. Suppose that the vector bundle T decomposes into a nontrivial di- 
rect sum 0^ jFfc of holomorphic vector bundles and that there is a reduction of the 
structure group of E to G' C G, compatible with the splitting. Suppose further that a 
central element of the Lie algebra q' of G' annihilates the section $ but acts nontrivially 
on JF. Then we say (A, $) is a decomposable pair. If no such splitting exists, the 
we say that (A, $) is an indecomposable pair. 

Lemma 2.6.4. The pair (A, $) is simple if and only if it is indecomposable. 
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Proof. Suppose that ^ s E fl^{E xp^^ g) is semisimple and stabilises {A, $). In 
particular ^f^{A) = 0, and this implies that = 0. So the eigenvalues of p{s) 

are constant, and since s is semisimple p{s) diagonalises. Let the different eigenvalues 
of p{s) be Ai < ■ ■ ■ < Ar, and consider the decomposition JF = J-'(Ai) © ■ ■ ■ © J-'{Xr) in 
eigenbundles, which are holomorphic, and every JF^ = T{\k) having as structure group 
a subgroup Gk C G. Since s leaves $ fixed $ must belong to JF(0). On the other hand, 
in obviously not the unique eigenvalue of p(s), so the decomposition 

is not trivial. Finally, the section s provides the central element killing 

The proof of the converse is similar. □ 

2.6.3 The equations 

Our equation (|2.3| ) in the case of linear representations is the same one given by Banfield 
(note that Banfield also considers the holomorphicity condition = 0). 

2.7 Example: projective pairs 

In this section and in the next ones we give some examples in which the result of 
Banfield does not apply. 

Suppose that F = F{W), where is a complex vector space with a Hermitian 
pairing, and that a compact Lie group K acts on W through a representation p : K ^ 
U(W). Let us remark that not all the actions of compact Lie groups on projective 
spaces arise in this way. More precisely, not always an action on P(14^) will lift to an 
action on W . However, if K acts on P(14^), one can find a central extension of K by 
C* which does act on W , and all the following discusion adapts easily to this more 
general situation. 

The vector space is a Kaehler manifold with symplectic form ujw equal to the 
imaginary part of the Hermitian pairing with reversed sign. Consider the action of f/(l) 
on W given by multiplication. This action is symplectic, and it has a moment map 
Ai(7(i)(a;) = W^W^. The symplectic quotient, p~[j]^^^{l) /U{1)^ coincides with the projective 
space F = F{W). So the induced symplectic form up on F comes from the restriction 
of the symplectic form uw of W on /i^^-^^(l) (this makes sense, since the symplectic 
form is U{1) invariant). The complex structure on F = F{W) is compatible with ujp, 
so F is in fact a Kaehler manifold. 

Let pk '■ W t* he the moment map of the action of K on W. The action of 
U{1) commutes with that of K, so the symplectic quotient has an induced action of 
K (which leaves up invariant). Just as happened with the symplectic form, a moment 
map pf for this action on F can be obtained considering the restriction of the moment 
map pk in /i^^-^^(l); by the f/(l)-equivariance of px, this descends to the quotient. 
More explicitly, given any x G -F, one takes any lifting x E W and the moment map 
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at X is 



2 V X 



p,{x) = -'-p* ( ^ ) . (2.19) 



2.7.0.1 Maximal weights 

Take a point x & F and consider an element s G 6. We can take a basis ei, . . . , 
of W in which the action of s diagonalizes: \p{s)ek = ^k^ki where is a real number 
for any k. Fix a lifting x & W oi x and write x = xiCi + ■ ■ ■ + x„e„. Then 



At(x; s) = {p{e''P^'>x), s)^ = -i— 







2 






2 



Lemma 2.7.1. The maximal weight of s acting on x is 

\{x; s) = max{Afc|xfc 7^ 0}. 



2.7.0.2 The integral of the moment map 

The function \1' takes in this situation the following form: for x E F and g E G, 

^{x,g) = 7 log II -.112 • 
Once again, this is checked by proving that this function satisfies (2) in proposition 



2.7.1 The stability condition 

The pairs (v4, $) G x JF, where = E f{W) are called projective pairs. 
We will give a characterization of stability for projective pairs very similar to that of 
Banfield. This characterisation, however, will only work if we ask $ to be a holomorphic 
section of with respect to the holomorphic structure Oa- (Remark that anywhere 
else in this chapter we only wanted it to be smooth.) 

As in the preceeding section, we will assume that the representation p is con- 
tained inside the auxiliar representation pa- Let P C G be a parabolic subgroup and 
take X antidominant character of P. Let Ai < • ■ ■ < A.,, be the set of different 
eigenvalues of p(x)? and write W{X) the eigenspace of eigenvalue A. Finally, write 

Lemma 2.7.2. If (u G W^'' \ ly^^-i, then X{w; -ix) = 



On the other hand, by lemma |2.L8| , for any k the subspace C is invariant 



by the action of P. So, once we have a holomorphic reduction of the structure group 
of to P and an antidominant character x of -P? we obtain holomorphic fibrations 
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and 

F{V^') c ■■• C F{V^^) =T, 

defined as V^^ = E Xp W^''. (Of course all this may happen to be defined only on the 
complementary of a complex codimension 2 submanifold of X, but here we will avoid 
this technicallity.) Our section $ is assumed to be holomorphic. Hence, if for some 
X G X we have G F{V^'')x \ F{V^''-'^)x, then the same happens for almost any 

X & X. In consequence, using now lemma p.7.2| , for almost any x G X the maximal 



weight A($(x); —ix) equals A^. This implies that 

/ A($(a;);-i^,,^) = Afc. 

JxeX 

In view of all this it is now easy to prove the following. 

Proposition 2.7.3. The pair $) is c-stable if and only if for any pair {(t,x)> if 
$ G F{V^^), then 



deg(cr,x)+Vol(X)Afe- / (x, c) > 0. 



On the other hand, the characterisation of simple pair given in the case of vector 
pairs works equally well for projective pairs: the definition of indecomposable pair is 
valid in the case of projective pairs, and one can prove that a pair is simple if and only 
if it is indecomposable. 

Finally, remark that when F C is a projective variety the Hitchin-Kobayashi 
correspondence reduces to that for projective pairs. In the following section we will 
see some examples of this situation: F will be there either a Grassmannian or, more 
generally, a flag manifold. 



2.8 Example: filtrations of vector bundles 



In this section we study theorem p.l.l9| in the particular case in which F is a Grass- 
mannian or, more generaly, a flag manifold. We assume, for simplicity, that X is a 
Riemann surface and that Vol(X) = 1. For the higher dimensional case everything 
that follows remains valid with the following modification: in the stability condition 
one has always to consider reflexive subsheaves, and not only subbundles (this is a 
consequence of the need of considering reductions of the structure group defined on 
the complement of a complex codimension 2 submanifold of X in the general definition 
of stability). 

The Lie group K will be U(-R; C), where i? > 1 is an arbitrary integer, and we will 
take the standard representation in as our auxiliar representation. 



2.8.1 Subbundles 

Let E —>■ X he a principal U(-R; C) bundle on X. Consider the standard representation 
on C'^. This provides us with a vector bundle V X of rank R. Using theorem 2.1.19 , 
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we will find a Hitchin-Kobayaslii correspondence for subbundles Vq of V of fixed rank 
< k < R. This correspondence has already been proved in ||BrGPl|| and in ||Da U W . 

Using an idea of |PaUW|| we identify the inclusion Vq ^ V with a section $ of the 
bundle with fibres the Grassmannian of fc-subvectorspaces Grfc(C'^) associated to E by 
the usual action of GL(_R; C) on GTk{C^): 



J^ = Ex 



GL(i?;( 



The Pliicker embedding maps GTk{C^) in a GL(i?; C)-equivariant way into P(A''C'^), 
and the action of GL(i?; C) in P(A'^C'^) lifts to the obvious action in A'^C'^. So we are 
in the situation described at the beginning of this section. Observe that the centre 
of GL(i?; C) acts trivially on the Grassmannian. In consequence, the comments in 
subsection p. 5. 5 are relevant in this situation. 

If uj is the symplectic form in Grfc(C^) inherited by the Fubini-Study symplectic 
form on P(A'=C^), then TOO also gives Grfc(C^) a Kaehler structure when r > and 
everything gets multiplied by r: the moment map, the maximal weights and the integral 
of the moment map. We fix from now on a constant r > and we work with the 
symplectic form tuj. The constant r can be identified with the parameter appearing 
in the notion of stability and in the equations in |PrGPl| , PaUW] . 



2.8.2 Moment map of U(n) acting on the Grassmannian 

The action of U(n; C) on Grfc(C^) is symplectic. Making use of formula ( p.l9| ) one 
easily verifies that if vr G GikiC^), then the moment map of the action of U(n; C) at 
the point vr is the element in u(n; C)* which sends C, G u(n; C) to 

= -irTr(7ro^), 



where vr denotes the orthogonal projection onto vr (see ||DaUW|| , p. 485) 



2.8.3 Maximal weights of U(n) acting on the Grassmannian 

Consider the standard action of U(n) on P(A'^C'^). Take an element s G u{n). We now 
give the maximal weight A(f ; s) in the case when f = f i A ■ ■ ■ A 7^ 0, for Vj G C'^. 
This case is enough for our purposes, since the image of the Grassmanian Grfc(C^) 
given by the Pliicker embedding into A'^C^ is precisely the set of points of that form. 

Let 71 be the fc-subspace of C-^ spanned by {vj}. Let Ai < • • ■ < be the eigen- 
values of is acting on A'^C^, and for any 1 < j < r write Ej = ^j<j Ker(is — Xk Id). 
Set aj = Xj — Aj+i. Then 



X{v] s) 



dim(7r)A.r + dim(7r fl Ej)aj 



(2.20) 



The proof of this formula is an easy exercise which follows from lemma 



2.7.1. 
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2.8.4 Simple extensions 

Reasoning similarly as in lemma p.6.4| one can prove this 

Lemma 2.8.1. The pair {A, $) is not simple if and only if one can find a holomorphic 
(with respect to Oa) splitting V = V ® V" such that the subbundle Vq given by the 
section $ is contained in V . 



2.8.5 The stability condition 

Let c G M be a real number. Fix a pair {A, $), which gives a holomorphic structure on 
V and an inclusion of bundles Vq C K In this section we will study the — ic Id-stability 
condition for the pair in terms of Vq C V^. 

A (holomorphic) parabolic reduction a of the structure group of E is the same as 
giving a (holomorphic) filtration (Z <Z ■ ■ ■ G V^~^ G = V, and an antidominant 
character x for this reduction is of the form 

r-1 

X = zld + ^mjXRo, 
i=i 

where = ikiV^), Xrj = ti^rj — Id {i^^r.3 is the projection onto C'^^), z is any real 
number and the nij are real negative numbers. Taking into account that the auxiliar 
representation is just the standard representation of GL(n; C) in C"^ we deduce that 
the degree of the pair (a, x) is 

deg(a, x) = 2 deg(l^) + m^- f deg(l/^) - — deg(\/) j . 

To calculate the maximal weight of the action of x the section $ we use formula 
( p.20| ). The parameters that appear there are related to ours as follows: = rrij for 
any 1 < j < r — 1 and Xr = z — Y7j=i ^j^- S^t, after integration (recall that the 
volume of X has been normalized to 1): 



r— 1 \ r— 1 



J^^^fimxy,-g,,^{x))=Tk{Vo) i^z -J2m~j +J2m,Tk{VonV^). (2.21 



Hence, the stability notion is as follows: for any filtration G G ■ ■ ■ G ^ G 
= V and any set of negative weights ai, . . . , a^-i we must have 



'^-1 / pi \ 

< zdeg{V) +J2mj (^deg(y^) - — deg(y)J 



+ r I rk(Vo) I ^ - j + 5^ MVo n V^) ] - zc R. (2.22) 
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(Observe that thanks to our assumption that Vol(X) - 
this is to be satisfied by all possible choices of z, then 

deg(\/) + rrk(Fo) 



1, (ix,c) Vol(X) = -zcR.) If 



R 

So, given the symplectic form tuj, there is a unique central element c G u{n; C) such 
that the pair can be c-stable. Putting the value of the central element inside ( |2.22| ) we 
get 

^ / R^ R^ 

< Vm J deg{V^) - — deg ^ - r rk(K))— + TTk{Vo n V^) 
\ R R 



r-l 



f deg{V^) + Tik{VonV^) _ deg(V)+rrk(Vo^ 
R^ R 



and using the fact that the numbers rrij are arbitrary negative numbers, we see that a 
necessary and sufficient condition for {E, $) to be stable is that for any nonzero proper 
subbundle (in fact, refiexive subsheave) C V 

deg{V^) + T rk(K) n V^) deg{V) + r rk(K)) 



rk(yi) 



< 



R 



and this is exactly the same condition that appears in |PaUW| , PrGPl 



In what concerns the equations, they are exactly those in |PaUW||. Instead of 



writing them in terms of a gauge transformation, we will put as the variable a metric h 
in the bundle V. This is equivalent to our setting, since the relevant space in our case 
is the gauge group of complex transformations modulo unitary gauge transformations, 
and this coset space can be identified with the space of metrics. Taking into account 
the precise form of the moment map for the action of GL(n; C) in Grfc(C'^) we can 
write the equations as follows: 



AFa - irvr 



Vb 



-ic Id, 



where vTy^ is the /i-orthogonal projection onto Vq. The equations considered in ||BrGPl| 



are written in a different way, but in [PaUW|| it is proved that they are equivalent to 
the ones considered here. 



2.8.6 Filtrations 

Here we generalise the preceeding results to the case of filtrationsQ. Our trick is to 
identify a filtration C Vi C ■ ■ ■ C K C with a section $ of the associated bundle 
with fibre the fiag manifold where ik = rk(Vfc). This manifold is embedded 

in a product of Grassmannians. The Kaehler structure in the flag manifold is not 
unique. We can in fact take as symplectic form any weighted sum of the pullbacks of 



-'^The results of this subsection were first proved by Luis Alvarez Consul [[Ail, A1GP|. 
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the symplectic forms in the Grassmannians, provided the weights are positive. So the 
Kaehler structure depends on a s-uple of positive parameters r = (ri, . . . , r^). We can 
now work out the stabihty notion analogously to the case of extensions, and obtain 
that (here we write C Vi C ■ ■ ■ C K C \^ for the filtration represented by the section 
$) 

• the equation is AF4 — i XI ^fcTr^fc = — icid, where iiyk is the /i-orthogonal projec- 
tion onto and where c is a real constant; 

• the pair {A, $) is simple unless there exists a holomorphic (with respect to Oa) 
splitting V = V' ® V" such that Vk C V for any k < s; 

• the only value of c for which we can expect our filtration to be c-stable is 

_ deg{V) + ^TkTk{Vk) 
R 

• the stability notion is as follows: for any nonzero proper refiexive subsheaf C 
V, 

deg{V') + ZrkTHVknV') deg{V) + ZrkTHVk) 
rk(yi) R 

2.8.7 Bogomolov inequality 



In this subsection we state the Bogomolov inequality given in corollary p. 1.20 for the 



case of filtrations. For that we need to compute the cohomology class $*0a(i^f)- 

We begin with some general observations. When the cohomology class represented 
by the symplectic form up of F belongs to if^(F; i2'7rZ), there exists a line bundle 
L ^ F with a connection V whose curvature coincides with —iutp- Assume that 
the action of on F lifts to a linear action on L. Then V can be assumed to 
be ii'-equivariant (by just averaging if it is not). Using the action of K on L we 
can define a line bundle ^—>-J-'a.s^ = Exi^L. Denote '■ ^ —>■ X and 

TT^ : I£ ^ T the projections. Let A be a connection on E. The connection A 
induces a connection on the associated bundle which may be seen as a projection 
a. : T££ — > Kerrfvrx-^. Since V is i^-equivariant, we may extend it fibrewise to obtain 
a projection (5 : Ker dux-^ Ker dn^ . The composition 7 = /3 o a : T=Sf Ker dn-^ 
defines a connection on =Sf — >■ JF. It is an exercise to verify that 

4>a{Pf) = iFyA, 

where F^a is the curvature of V"^. 

If F = Grfc(C'^) is a Grassmannian everything in the preceeding paragraph works. 
In particular, the line bundle L ^ F can be identified with the dual of the determinant 
bundle, that is, with the line bundle whose fibre on F G GikiC^) is A'^V*. 

Using this observations, it turns out that in the general case in which F = -Fii,...,^^ 
and in which F has the Kaehler structure induced by the parameters r = (ri, . . . , r^) 
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(see the preceeding subsection), then for any {A, $) G x ^ we have 

k=i 



where Vi G ■ ■ ■ G Vs G V is the fihration represented by the section $. 
Finally, one computes 

/ B{Fa,Fa)aJ''~'^ = 87c{ch2{V) U [X]), 
Jx 

where ch2{V) G H'^{X; M) is the degree 4 piece of the Chern character of V (see p. 209 
in 



Br2 |). So corollary ^.1.20 takes the following form in this case: 



Corollary 2.8.2. Let A he a connection on E, and consider a filtration C Vi C 
■ ■ ■ G Vs G V which is holomorphic with respect to Oa- Let us write $ for the section 
of T which represents this filtration. If the pair {A, $) is equivalent to a solution 
of 

AFa - i TkHyk = -ic Id, 

then the following holds 

deg(F) (^ deg(V) + i:r.rk(T4) \ _ ^,^deg(l4) - A.{ch,iV) U [^'-^1], [X]) > 0. 
^ ^ fc=i 



2.9 A trivial example of stable pair 

Although we have studied some examples to which we can apply our correspondence, 
we have still not proved that there exist stable pairs. This could be achieved by 
studying a little bit the extensions of a stable vector bundle, or, still easier, by taking 
a rank two projective bundle on a Riemann surface coming from a stable rank two 
bundle and picking a r small enough (in that case the stability of a pair is equivalent 
to the stability of the bundle). Here, however, we state a general result concerning the 
stability of pairs whose bundle and connection are the trivial ones. 

Consider a representation p : G — > GL{W) and a G-principal bundle E ^ X. We 
will take F = P(IV). Let V = E XpW. So = F{E XpW) = F{V). Denote by 
F{Wy G F{W) (resp. F{WY' G F{W)) the set of stable (resp. semistable) points by 
the action of G. Since a point is stable if and only if so is any point in its orbit, it makes 
sense to define F{VY = U^(.x^{VY^ and F{VY' = U^^xHVYj, where F{V)^ ~ F{W) 
is the fibre over x G X. 

On the other hand, there is a notion of stability for G-principal bundles due to 
Ramanathan [[Rl|| . This can be stated using our notation as follows: E is stable if, for 
any reduction a G fl^{E{G/ P)) of the structure group of to a parabolic subgroup 
P G G, and any antidominant character x of P, deg(cT, x) > 0. When we only have 
deg(cr, x) > 0, then we say E is semistable. In fact, our correspondence applies to 
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this case with some due modifications in the proof, and in particular if there exists a 
reduction h G Q'^{E{G/K)) of the structure group to a maximal compact subgroup 
K <Z G such that KFh = 0, then E is semistable (see [[RSj ) . So, for example, the trivial 



bundle E = X x G is semistable (just take a constant section h G Q^{E{G/ K))). 
Finally, recall that the Kempf-Ness theory (see section |2.4.1|) tells us that x G P(Vr) 



is stable (resp. semistable) if and only if for any antidominant character x of a parabolic 
subgroup of G, the maximal weight /i(x; x) > (resp. /i(x; x) > 0). 

Putting together all this we obtain the following 

Theorem 2.9.1. Suppose E is semistable and $ C ¥{V)^. Then the pair {E,^) is 
stable for any r > 0. And if E is stable and $ C P(\^)**, then the pair [E, $) is also 
stable for any r > 0. 



Now, taking E = X x G and p such that P(Vr)^ ^ 0, we can pick a constant section 
$(x) = w G P(iy)* and then the pair (£',$) will be stable thanks to the preceeding 
theorem. Furthermore, we can also chose w such that the pair is simple, by taking it 
outside any proper G invariant subspace W C W. 



Chapter 3 

The moduli space 



In this chapter and in all the remaining ones we will assume that X is a Riemann 
surface (with a fixed Riemannian metric). So from now on we will forget the third 
equation = in ( |1.2D , which, as we have already said, is trivially satisfied. We 
will also assume henceforth that F is compact. 

Our aim in the next chapters is to use the space of solutions to (a certain pertur- 
bation of) equations (|1.2| ) to define invariants of the symplectic manifold F and the 
action of S^. As a first step, in this chapter we will construct the moduli space of gauge 
equivalence classes of solutions to equations ( |1.2|) . The methods used in the construc- 
tion are rather standard (see for example |PoKr| , |FrUh| , [McDSl|| , and consequently at 
some steps we will just give a sketch. At some points in our discussion we will make 
the assumption that K = and that its action on F is almost-free. However, some 
of the results remain valid in greater generality. 

We begin by fixing Sobolev completions of our ambient space ^ 5^ . This will 
allow us to use Banach manifold techniques as the implicit function theorem. Then we 
define the different moduli spaces appearing in the thesis. It is important to observe 
that rather than using equations (|1.2|) , we consider suitable perturbations of them 
( p.l|) . This is done because we want to get smooth moduli, and without perturbing 
the equations we can not assure smoothness in general. We compute the dimension of 
the moduli and we prove that the moduli spaces obtained from different perturbations 
are cobordant. 



3.1 Sobolev completions 

Let X be a principal i^-bundle and let 6^; = -E XAd 6- Fix a real number p > 2. 
We will consider the completion s^iv of the space of connections = s^^ on E with 
respect to the L\ norm. This is defined by using a fixed smooth connection G =2/ 
and then putting i2^p = + ^{tE)L\- The space s^jv^ is a Banach manifold, which is 
independent of the particular choice of A^. In section we saw how to construct 
a complex structure /(v4) on T from any connection A on E. The same thing can be 
done for connections A lying in s^iv. We obtain the following result. 
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Lemma 3.1.1. Suppose that X = 3 is the unit disk and that we have a trivialisation 
£^ ~ X D ^ D. Let us take a connection A = d + a. where a G ^2^(6^) rp. Then the 

^ ' k 

complex structure I{A) on T ~ F xB lies in Q°(EndT(F x D))^,^. 

Let = J='^ = E Xk F he the associated bundle and let Y = .5^^ = T{J^). Take 
any embedding i : T '-^ M^. We define the distance djv between two sections $ and 

to be the sum of the L\ norms of the difference of the components of t o $ and 
i o This is a metric on . We consider the completion S^jv^ of 5^ with respect to 
the metric rf^p. The space ,5^iv^ is a Banach manifold. By our choice of p we have a 
compact embedding F\ ^ . Consequently, two nearby elements in ,5^ with respect 
to djv^ are nearby pointwise. This implies that all the elements in ^jv^ are continuous 
sections. Furthermore, the completion S^jv^ is independent of the embedding l. This 
stems from the fact that any smooth map F : V ^ W oi vector bundles over an 
n-dimensional manifold which fixes the zero section induces a continuous map from 
fi°(V^)iP to f)°(PF)j,p whenever pk > n. 

Since there is a Sobolev multiplication L\® L\ ^ L^, for any section $ G S^lp and 
any connection A G s^/^p the covariant derivative lies in fl^{^*TJ^y)LP and 
lies in fiO'i($*TJ'^)LP. 

In a similar way, for any manifold M we define a metric di^p on Map(X, M) by 
using an embedding M ^ and denote Map(X, M)^p the completion. 

Finally, we consider the completion '^^J^p of the gauge group ^ with respect to the 
L2 norm. The group ^^p is a Banach Lie group and it acts smoothly on and on 
^iP. Its Lie algebra is Lie(^iP) = ^l°(fifi)LP. 

3.2 The moduli spaces 

We begin introducing some notation. Let V and W be two complex vector spaces. 
We will denote Hom^'°(K,W^) (resp. Hom°'^(KVr)) the set of complex linear (resp. 
complex antilinear) maps from V to W. We obviously have 

HomM(V, W) = Homi'°(V, W) © Hom°'^(V, W). 
3.2.1 Moduli of cr-holomorphic curves 

Let M be a compact almost Kaehler manifold. Let Em = Hom°'^(TX, TM) (these are 
sections on X x M, and the vector bundles should be taken to be the puUbacks by the 
two projections). Let B G H2{M;Z) be any class and let a G Em- We define 

Ma{B) = M^{B) = G MapiX, M)lp\ = a, ^,[X] = B}. 

This is the moduli of cr-perturbed holomorphic curves on M. Following Ruan we define 
for any a G Em a complex structure 1^ on X x M as 
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where Ix and Im are the complex structures of X and M and where the matrix is 
given with respect to the sphtting T{X x M) = TX © TM (as always, we omit the 
pullbacks). One can prove the following lemma (see lemma 3.1.1 in [[Ru|] ) , which allows 
to view perturbed holomorphic curves as genuine holomorphic curves in X x M. 

Lemma 3.2.1. A map $ : X — s> M satisfies 9$ = a if and only if the map ^''^ = 
(id, ^) : X ^ X X M is holomorphic with respect to the complex structure I„. 

When the perturbation a is zero we will usually write M.^\B) instead of M.^^{B). 

3.2.2 Moduli of cr-twisted holomorphic curves 

Recall that we denote by EK —>■ BK the universal principal i^'-bundle and = 
EK X ]^ F the Borel construction of F. The equivariant (co)homology of F is by 
definition the (co)homology of Fx- Denote ttf '■ Fx —>■ BK the projection. 

3.2.2.1 The space of perturbations 

Let E —>■ X he a principal /^-bundle and let JF = JF^. Let 

E'{E) = Hom°'i(7rJ*rX,TJ-,) © n^ts), 

where ttJ : JF — > X is the projection. The gauge group of E acts on S'(-E), and we 
set ^{E) to be the fixed elements. Eventually, we will consider the completion of S(£') 
with respect to suitable C' norms. Observe that if (cri,cr2) G S(i?), then a2 G r2°(Zf), 
where is the center of t. 

3.2.2.2 The moduli space 

Let E ^ X he Si principal i^-bundle, and let W he its gauge group. Let us fix a 
pair a = ((Ti,cr2) G S(£') and a central element c G 6. We will consider the space of 
pairs {A, $) G x which satisfy the following two equations 

f Qa^ = (Tl .3 

\ ^FA + ^lm = c + a2. ^ ' 

We will call any pair satisfying these equations a a-twisted holomorphic curve over 
X (cr-THC for short). When o" = we will call the solutions twisted holomorphic 
curves or THCs. For any homotopy class of sections [$o] G we will write the space 
of (T-THCs (A, $) such that [<I>] = [$o] as 

7W.(E,[$o],c)=7Wf'^(i5,[$o],c). 

Since the sections (ai, a-z) are gauge invariant and the complex structure is also invari- 
ant under the action of K, it turns out that the space M.^{E, [$o], c) is invariant under 
the action of the identity component of the gauge group. However, it is not necessarily 
invariant under the action of the full gauge group, since in general there may exist a 
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section $ and a gauge transformation g & ^ such that $ and are not homotopic. 
(This, of course, does not happen when F is a vector space.) 

Let Pk{X) be the set of (topological isomorphism classes of) K principal bundles 
over X. Let r] : Pk{X) —>■ H2{BK]'L) be the map which sends a bundle E X 
to C£;^[X], where ce '■ X —>■ BK is the classifying map of E. In lemma |A.3.2| of the 
appendix we prove that 77 is a bijection. There exists a map pe^, '■ H^{T) —>■ H^{Fk) 
which is invariant under the action of the gauge group on H^{J^) and which lifts ce^,'- 
it is defined by fixing an isomorphism (p : E c:^ c*^EK, taking the induced isomorphism 
ip : c*^Fk and putting pe^ = (see lemma |A.4.2| in the appendix for a proof 



that this is independent of and that, consequently, this map is ^ invariant). 
Let B G H2{Fk) be a class such that np^B = rj{E). We define 

Ma{B, c) = M^'^{B, c) = {{A,^) e X y \ satisfying (|p) and Pe,^*[X] = B} 
= II -Mf'^(i5;,[$o],c). 

PEM*m=B 

The space AiaiB, c) is invariant under the action of We define the moduli space 
of cr-THCs to be the quotient 

M^B, c) = M^^'^'iB, c) = M^^'^'iB, c 



3.2.3 Extended moduli of cr- twisted holomorphic curves 

Here we keep the notation of the preceeding section. Let us fix a base point Xq G X, 
and let = {g E ^ \ g{xo) = 1}. Note that $^/^o = K and that % acts freely on the 
space of connections 

For any equivariant homology class B G H2{Fk', Z) we define the extended mod- 
uli space of (T-THCs to be 

K{B, c) = K^'^'iB, c) = M^^'^iB, c)/%. 



3.2.4 The complex structure 

All the moduli spaces that we have defined above depend on the complex structure of 
the almost complex manifold F. Later it will be convenient to stress this dependence, 
and we will specify the complex structure with a subscript. So for a complex structure 
/ on F we will write ^AI^a{B), Aij^„{B, c) and Mi^a{B, c) (note that in the first moduh 
i? is a homology class of F, whereas in the other ones it is a homology class of Fk)- 



3.3 Local structure 
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3.3.1 The deformation complex 

Let [(A, $)] G M.a{B,c) be any gauge equivalence class and consider the sequence of 
maps 

p» ^0 di „i d2 ^2 (o o\ 

where (recall that we denote = E ^ ka'^) 

cX^ = ^\iE)Lv ® ^^°'^(<^'*T^.)LP, 

and where di is the infinitesimal action of (recall that Lie (^2.^) = ^^{^e)li)i and 
(i2 is the linearisation of equations ( p.l| ). More precisely, for any 9 G Vf{tE)L^ and for 
any (a, (^) G l^^(eB)L? © fi°(<l>*TJ^^)iP we have 

^2(«,0)=f7, /^^"l^'^^fif .^V (3-3) 
V ^A,v0 + a-0 + C(A'^',f^)(tt,0) / 

The operator dA,v is the composition of the covariant derivative 

dA,y : fi°($*T^.)LP ^ fi^(<l>*TJ-,)iP 

(see section A.l in the appendix) with the projection fi^($*TjF^) — > r2'^'^($*TjFj,) (it 



is a Cauchy-Riemann operator in the vertical direction). 

C is a compact operator which depends on the derivative of ui, on the connection 
V, on TF, and on how we identify a neighbourhood of $ G r(jF) with a neigbourhood 
of the zero section of f2'^($*TjF„). If this identification is made through the exponential 
map, (Ji = and V has torsion equal to |iVj, where Nj is the Nijenhuis operator of F, 
then the dependence of C on V can be given in terms of Nj (see [|McDSl|] p. 28). We 



will not give a precise form of it because it is unnecessary for our purposes. The point is 
that the operator dA,sj<P^Oi-(j) has the same symbol as the (vertical) Cauchy-Riemann 
equation, and hence is elliptic and its index can be computed (see below). 

On the other hand, c?/i($) denotes the section of $*TjF„ ® t*E which arises from 
extending globally the derivative G ^^{F] 6*) of the moment map (this is possible 
thanks to the i^-equivariance of /x). 

Using the fact that (A, $) solves the equations (|3.1|), one can prove that (|3.2| ) is 
a complex, that is, ^2 ° c^i = 0. (Just apply the chain rule to the identity expressing 
the gauge invariance of the set of solutions to ( p.l| ).) The complex ( p.2|) is called 
the deformation complex of A^o-(-B,c) at [(A, $)]. Denote H\^, and its 

cohomology groups. Using again the fact that the pair {A, $) solves ( |3.1| ) one can 
prove that the complex ( ^.2| ) is elliptic, so -f^i* and H]^^ are finite dimensional 

vector spaces. We will use them to give local models of the moduli space J^a{B,c). 
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3.3.2 Index of the deformation complex 

Since the complex ( |3^ ) is elliptic, the operator 

dl + d2: Ci^ Co® C2 

is Fredholm, and so it has a well defined index 

Ind((ii + (^2) = — Ind(C^ $) = dimff^ .j, — (dimiJ° <j, + dimif^ $). 

This integer can be computed by means of Atiyah-Singer index theorem. It is easier, 
however, to deform the operator dl + d2 by adding to it a compact operator, and then 
compute the index of the resulting operator (which will coincide with that of d\ + (^2). 
So we take instead of d\ + d2 the operator 

D{a,(f)) = {-dA*a,AdAa,dA,\/(j)) 
In other words, we are splitting the complex ( |3.2| ) as the sum of these two complexes 

C'a : n%iE)L-@ > dA » ^\iE)L-@ > dA » n\tE)Lr' 

and 

CI : 0@ »> Q%<^*TJ^,)lp@ > dA,v » n''^\^*TT,)Lv 

(note that we have changed the sign of the first map in the complex C*a and we have 
omitted the contraction A in the second map; this is irrelevant when computing the 
index of the complex) . 

3.3.2.1 The index of the complex C* 

From now on we will often omit the subscripts denoting Sobolev completions, which 
will be implicitly assumed. Let Qe = Exp^^Q. Consider the map / : f2°(]&£;) ©^^(fi^;) — > 
^°(0-b) given by /(a, j3) = a + i* (3, where * denotes the Hodge star operator, and the 
map g : ^^'^{qe) ^^(^e) given by g{9) =9 + 9. Both maps are isomorphisms and 
rend commutative the following diagram 

n^{tE)(Bn^itE)^^n'{eE) (3.4) 



a 



n\iE)< ^''\9e). 

This implies that the index of the complex C\ is equal to the index of this other complex 

q^:n%gE)^n<^'\dE). 

(We have omitted the Sobolev completions; recall that, thanks to elliptic regularity, 
the index of the complexes is independent of the chosen Sobolev completion.) The 
complex is the deformation complex for the moduli space of complex structures on 
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Eg = ExxaG compatible with the complex structure on X. In fact, the commutativity 
of diagram ( |3.4| ) is the infinitesimal version of the isomorphism between the moduli 
space of fiat connections (whose deformation complex is C^) and that of complex 
structures on Eg (this isomorphism is the Chern map; see section p.l.2.3|) . 

The index of C| is computed using Riemann-Roch, and one obtains 
Ind(Q) = Ind(C|J = (ci(gij), [X]) + dim^l{l - g). 



3.3.2.2 The index of the complex Q 

This is again given by Riemann-Roch, and it is equal to 

Ind(C;) = -(ci($*T.F,), [X]) - n{l - g), 

where 2n is the real dimension of F (the minus sign accounts for the fact that the 
complex is the Dolbeaut complex shifted one unit to the right). 



3.3.2.3 The index of the complex C^^ 

We have Ind((iJ + ^2) = — Ind(C^) — Ind(C|,). Summing up our results we obtain 
that the index dimH\^ — (dimif^^ + dimif^^) (complex dimensions are meant) of 
the operator dl + ^2 is equal to 

-lnd(Q^) = {c,{^*TJ^,) - c,{gE), [X]) + {n - dimKt)(l - g). 

Using the functoriality of the Chern classes we can write 

(ci(<l>*rj-,),[X]) = (cf(TF),S), 

where cf"(TF) G H'^{F) is the first equivariant Chern class of the tangent bundle TF, 
and 

(ci(0^),[X]) = ((7r^-)*cf(s),i?), 

where Ci{q) G iJ^({pt}) is the first equivariant Chern class of the bundle q {pt} 
viewed as a bundle using the adjoint action of K on q. 

So the previous formula for the index of C\ $ may be rewritten as follows 

-IndiCX^) = (cf (TF) - (7r^-)*cf (g),5) + (n - dim^m - g). (3.5) 

This number is called the complex virtual dimension of the moduli space. Under 
certain transversality conditions to be specified below it coincides with the actual 
dimension of the moduli. 



3.3.3 Local models of the moduli space 

In this subsection we give some results on how the deformation complex allows to model 
neighbourhoods of given elements in the moduli of a-THCs. The obtained models are 
called Kuranishi models. These results are standard, and they are proved using the 
implicit function theorem for Banach manifolds and the fact that the deformation 



complex is elliptic. For details see for example pp. 137-139 in [ PoKr |. 
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Lemma 3.3.1. Let [{A, $)] G Ma{B, c) and denote 1^,$ the stabiliser of {A, $) in ^. 

There exists a neighbourhood U of & H\ ^ and a F^,* equivariant smooth map 

with vanishing derivative at such that the quotient f^^{0)/TA,'S> models a neighbour- 
hood of [{A, ^)] inMa{B,c). 

Lemma 3.3.2. Let [{A,^)] e Ma{B ,c) . Then H\,^ = UeV a,^ ■ 

Corollary 3.3.3. Let us take any [(A, $)] G M.a{B, c), and let us suppose that H\ ^ = 
H\ $ = 0. Then there is a neighbourhood of [{A, $)] in A4cr{B, c) which is diffeomorphic 
to M^, where 

N = dimHX^ = 2((cf (TF) - (7r^^)*cf (g), 5) + {n - dimMe)(l - g)). 

The tangent vector space T4_$A^o-(i?, c) can be canonically identified with H\i^. In 
particular, the dimensional of the moduli space on a neighbourhood of [{A, $)] coincides 
with the virtual dimension. 

Corollary 3.3.4. Let [(A, $)] G Ma{B,c) be such that H^ ,^ = = 0. Then 

TA,<i>-M.a{B,c) is canonically oriented. 

Proof. Since the deformation complex is homotopically equivalent to C^©C|, 
an orientation of is the same as an orientation of H\ © H^, where H\ and 
denote the cohomology of the complexes C\ and C|, respectively. Now, the complex C|, 
is a complex of modules over C, so its cohomology groups are complex vector spaces 
and hence have a canonical orientation. So is canonically oriented. On the other 
hand, diagram p.4| ) shows that H\ = canonically and the complex C| is also one 

of modules over C, so (and hence H\) has a canonical orientation as well. □ 

3.4 Smoothness of Alf^ (B,c) for semi- free ac- 
tions 

In the rest of this chapter we will restrict to the case K = and we will assume that 
the action of on F is semi-free. (This means that the action on the complementary 
F\F^ of the fixed point set is free.) Note that some of the results that follow, however, 
can be proved in greater generality. 

We begin by obtaining some consequences from our assumptions. Since K = S^, 
we have = t = iR, cf-(g) = and dim^fi = 1. Consequently, formula ( |3.5| ) gives in 
this case the following value for the complex virtual dimension: 



{cfiTF),B) + in-l)il-g). 



(3.6) 
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On the other hand, for any principal bundle E the associated bundle = E xji^^iR 
is the trivial bundle with fibre iM. 

Fix B e H2{Fk]Z) and c G IM, and write Ma{c) = Ma{B,c) and Ma{c) = 
Ma(B,c). In this section we will study the smoothness of A4a{c) for generic choices 
of c G iM and cr G S. Will omit in the sequel the subscripts denoting the Sobolev 
completions of the spaces =2/, ^ and ?f (which will be implicitly assumed). 

Let E X he the unique principal bundle such that r]{E) = TTp^{B) (see lemma 
XX^ . Let ^/ = and ^ = y^. Then we have Ma{c) C x y. Let us write 

J^o = X X F^' = E Xgi F^' C J" and ^* = {$ G ^ | $(X) ^ J^o}- 

Let 

This is a finite subset, since F^ is a finite union of compact connected submanifolds 
and fi is locally constant on F^ . 

Lemma 3.4.1. Let c G iM\Co. For any small enough (in C^) perturbation a we have 
M.a{c) <Z £^ X y* . In other words, if {A, $) is supported on E and satisfies equations 
(fj; then $(X) ^ J-Q. 

Proof. Let a = {ai, G S(£') be a perturbation and suppose that the pair {A, $) 
is supported on E, $(X) C J-'q, and that 

AFA + fi{^) =c + a2. 

Since X is connected and $(X) C JFq, /i($) takes a constant value Cq G iM. Integrating 
the equation above over X and using Chern-Weil theory we deduce 

c + / 0-2 = Co - 27ri- 



Vol(X) 7 ^ " Vol(X)' 
and if |cr2|co < d{c,Co) this is a contradiction. □ 

From now on we will take c G iM \ Cq- Let Sc(-E) = {(o"i, (T2)| |o"2|c" < '^(c, C'o)}- 
Corollary 3.4.2. If cr E T.c{E) then the action of^ on M.a{c) is free. 

Proof. The only points m. xy whose stabiliser is nontrivial are the pairs (A, $) 
such that $(X) C Tq (these are fixed by the constant gauge transformations). □ 

Lemma 3.4.3. Let a G Sc(-E') and (A, $) G Maic). Then $(X) fl ^"0 is a finite set 
of points. 

Proof. Suppose that $(X) and meet at infinite points. Let Q G . Both $ 
and Q ■ $ are perturbed holomorphic curves on and by lemma p.2.1| ^''^ and {6 ■ ^Y*^ 
are holomorphic curves on X x JF with respect to the complex structure obtained from 
cTi. By our assumption ^''^ and {6 ■ $)''^ meet in an infinite number of points. But since 
both curves are everywhere injective, a result of McDuff (see lemma [5.1.4] ) implies that 
they have the same image. So $ = ^ ■ $ and since this is true for any 6 E S^, we 
conclude that $(X) must be included in J^q. □ 
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Theorem 3.4.4. Let c G iM \ Cq. There is a subset E^^s(^) ^ Sc(^) of Baire of 
the second categori]^ such that for any a G T,l^^{E) the moduli of a-THCs M.a{,c) is a 
smooth oriented manifold of real dimension equal to 

2{c^{TF),B) + 2{n-l){l-g). 



Proof. Our proof will follow the ideas of similar results in Donaldson theory and 
Gromov theory (see for example | [b'r U h| , [lVicDSl| ]). Let us take a big positive integer 



/ > (later on we will specify how big / has to be) and consider the completion Sc(-E)' 
of Ec(£') with respect to the topology. Let = x y* x T.c{EY . We consider 
the universal set of THCs 

M^{c)^ = {{A, $, a) I a G ^c{E)\ {A, $) is a a-THC and Pe,^*[X] = B}. 

(this is a subset of i^'). We prove that A^s(c)' is a smooth Banach manifold as 
follows. There is a Banach vector bundle W —>■ ^3^'' whose fibre over {A, $, a) is 
fiO'i(<l>*TJ'^) © Q^{iR) and a section S = Sc,<x : ^ W which sends any {A, $, a) to 

(9a$ - cri,AFA + yu($) - c - (J2). We have by definition A<e(c)' = S"^(0). To prove 
that A^e(c)' is smooth it is enough to verify that S is transverse to the zero section. 

So let (A, $, cr) e MT,{cy. The tangent space of {A, $, cr) at is 



T(A,$,a)=^' = © n\s*TJ^,) © (Hom°'i(TX, s*TJ-,)g © fi°(iM) 



where Hom°'^(TX, s*TJ^^)g is the set of C sections Si G Hom°'^ (TX, s^TJ"^) which 
satisfy Si{x) G Hom°'^(T3.X, T$(a.)jF^)'^^ for any x G X such that $0(2^) G (this is so 
due to the gauge invariance of the elements of Ec(-E')'). 

The differential of the map S at the point {A, $, a) is 



(r,rh(, ^ f dA,^(l) + a-(l) + C{A,^,a){a,(l)) + si\ 

(See (|3.3|) .) The image of DS is closed because modulo the infinitesimal action of 
the Lie algebra of the gauge group ?f it is an elliptic operator. So if DS were not 
exhaustive then there would exist a nonzero element ir]uV2) e l^°'Hs*Tj;)M©^^°(iM)L, 
{1/p + 1/q = 1) such that for any (a, 0, (si, S2)) 

I (r/i,9A,v0 + «-0 + C(A,<l>,a)(a,0) + si) = (3.7) 
Jx 



^We recall that a set of Baire of the second category is by definition any countable intersection of 
dense open subsets of a topological space. 
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and 



/ {r]2,AdAa+ {dij{^),(f))T^ + S2) = 0. (3.8) 
Jx 

Let Xq = {x E X \ G J-'o}. Any section Si E Hom°'^(TX, s*TJ^^) whose support 

is in X \ Xq lies inside Hom°'^(TX, s*T!F^)^ . This means that r]i has to be zero in 
X \ Xq because otherwise one could take a = = and si a suitable bump function 
which would make the integral ( p.TD nonzero. Now, by lemma p.4.3| the set Xq is finite. 



So ?7i has to vanish identically. Similarly r]2 has to be zero because otherwise one could 
make a = = and S2 a bump function making the integral in (|3.8|) nonzero. 



This proves that A^s(c)' is a smooth Banach manifold. Now, by corollary |3.4.2 



the action of ^ on A1s(c)' is free. Uhlenbeck's gauge fixing theorem (see theorem 
4.1.2|) implies that there are local slices for this action. Hence the quotient A1s(c)' = 



«^s(c)V^ is a smooth Banach manifold. 

We now consider the projection tt^ : ^^^(c)' J^dEy. The map tt^ is Fredholm 
and its index depends on the homology class B (see the computations in section |3.3.2|) . 



If / > Ind(7rs) + 2 then the Sard-Smale theorem ||Sm|| tells us that the set of regular 
values Ill^^{Ey C Sc(-E)^ is of the second category of Baire. For any a E Ill^^{Ey and 
any (A, $) E Mla{c) the second cohomology group H'^^ vanishes, and hence we can 



apply lemma ( |3.3.1D and obtain that the dimension of A^cr(c) is 

{cfiTF),B) + {n-l){l~g). 

To finish the argument we deduce from the preceeding reasoning that S^°^(i?) C 
Sc(-E) is of the second category with respect to the C°° topology. The idea is due to 
Taubes (see p. 36 in [|McDSl|| ) and goes as follows. One considers for any i^' > the 
set Y^'^^^'^i^E) C Sc(-E') of perturbations a such that for any (A, $) E M.a{c) which 
satisfies |(iyi$|co < K the cohomology group vanishes (that is, A4aic) is smooth 
at {A, $)). We obviously have 

sr^(i?) = fl sr^'^(i?). 

K>0 

The set I1'^J^^'^{E) is open for any K. Indeed, its complementary is closed, since for 
any sequence cr„ E Sc(-E) which converges to a and (y4„, $„) E A4a„{c) which satisfy 
M^n'^'nlco < K for any n, one can take a subsequence converging to (A, (using 
nonlinear elhptic bootstrapping, see p. 192 in [[McDSl|| ) and the property of being 
exhaustive is open. Then one uses the identity 

s^^g'^(E) = s,(E) n s^'=S'^(E)^ 

and the preceeding arguments to deduce that J^'^^^'^^E) is dense. This concludes the 
reasoning (see pp. 36-37 in ||McDSl|| for more details on this last step). 



Now, if (T e S^^s(E), for any pair (A, $) E A^ct(c) the infinitesimal stabiliser Hj^ ^ — 
by corollary |3.4.2| and the obstruction H\ ^ = as well. Hence we have a smooth 
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Kuranish model of a neighbourhood of [{A, $)] in the moduh space A^o-(c). So we may 
apply corollary |3.3.3| to compute the dimension of the moduli (recall that in our case 
the formula given in corollary |3.3.3| reduces to formula ( |3.6D ). Finally, corollary |3.3.4 



implies that the moduli space A^o-(c) has a canonical orientation. □ 

A similar argument proves that the cobordism class of A^o-(c) is independent of the 
particular choice of perturbation a G EJJ®^(£') and the invariant complex structure on 
F, and that it only depends on the connected component of iM \ Co in which c lies. 
More precisely, 

Theorem 3.4.5. Let cq, ci belong to the same connected component o/i]R\Co. For any 

pair of perturbations cfi G T,l^^{E), z = 0, 1, one can find paths [0, 1] 9 t i— > q G iM \ Cq 
and [0, 1] 3 t at E T^aiE) such that 

^a[o,i](c[o,i]) = U M^,{ct) 
te[o,i] 

is a smooth oriented cobordism between A^cto(co) and A^o-^(ci). Likewise, any two 
moduli J\4ip^^o-{c) and M.ip^^(j{c) arising from different complex structures I p^, I f,i on 
F are oriented cobordant. 



3.5 Smoothness of A/^^ {B,c) for semi-free ac- 
tions 

Fix a homology class B G H2{Fk', and write Ma{c) for Ma{B, c). Using exactly the 
same methods as in the preceeding section one can prove the following. 

Theorem 3.5.1. Let c G iM \ Cq. For any o G YI^^iE) the extended moduli space 
Ma{c) is a smooth oriented manifold of real dimension equal to 

2{cf{TF),B) + 2{n-l){l-g) + l 

and the natural map Afa{c) — > A^o-(c) is a principal bundle. Furthermore, if Co,Ci 
belong to the same connected component of iM \ Co and ai G I1'^^^{E), i = 0,1, then 
there exist paths [0, 1] 3 t (q, at) such that at G T,ct {E) for any t and 

Ar^[o.ii(c[o,i]) = U KXct) 
ie[o,i] 

is a smooth oriented cobordism between Af^^^co) andMa^^ci). Likewise, any two ex- 
tended moduli Mi pf^^a{c) and Afjp-^^„{c) arising from two different complex structures 
Ipfl, If,i on F are oriented cobordant. 



Chapter 4 

Compactification of the moduli 



In the previous chapter we defined the moduh space M.i^a{B,c) of THCs as a subset 
of X S^L\I'^L\- So a priori the elements [{A, $)] G A4i^„{B, c) are not necessarily 
smooth. In particular, it is not clear to what extent our moduli space depends on the 
Sobolev norms we have chosed to complete £/ x In this chapter we will clarify the 
situation by proving that any pair (A, $) G £^lp x S^ivj'iSiv which satisfies equations 
( p. .21) is smooth. Moreover, the same thing can be proved if we take Sobolev norms 
different from the ones we have chosen, provided they are in a certain reasonable 
rank. The conclusion is that at least as a set, the moduli space does not depend 
on the Sobolev norm. This automatically implies that the structure of the moduli 
space as a differentiable manifold is intrinsic as well. Indeed, the deformation complex 
at any point of the moduli is elliptic. Hence, its cohomology groups (which model 
neighbourhoods of the moduli) are the same for any Sobolev norm we may use to 
complete the modules appearing in the complex. 

The other thing we will do in this chapter is to give a compactification of the moduli 
space of twisted holomorphic curves. This compactification is inspired in Gromov's 
compactification theorem for holomorphic curves and makes use of Uhlenbeck's gauge 
fixing theorem. Note that the construction works for any compact Lie group K and 
without requiering any condition on the action on F . 



4.1 Regularity of THCs 
4.1.1 Preliminary results 



We will use the following result on regularity of holomorphic curves (see [[McDSl|| pp. 
179-194). 

Lemma 4.1.1. Letp > 2 and k > 1. Let G C be an open set with smooth boundary. 
Let M be a compact manifold with a complex structure I G i7°(EndTM)^p and let 

(p G Map(S, M)lp^^^ satisfy d(j) = rj, where rj G Q^'\(j)*TM)Li ■ Then 

0GMap(S,M),.^^^^^^. 
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Moreover, for any compact subset Q C Ti there is a bound 



LU,<c[\mLi + \\v\\Li 



where c depends only onp, Q, S and 



We will also make use of Ulilenbeck's theorem, which says that any connection on 
the trivial bundle on the unit disk D is gauge equivalent to a connection in Coulomb 
gauge |[Uh|] (this is property i) m theorem 4.1.2 ). (Note that Uhlenbeck proves in [UE 



a theorem valid in any dimension.) As before, we write t^; = XAd 6- 

Theorem 4.1.2. Let p>l and consider the trivial principal K-bundle E = K x3 ^ 
D on the unit disk D C C. There exist constants 6 > and e > such that any 
connection A' = d + a' on P, where a' G Q^{tE)Ll! whose curvature Fa' satisfies 
\\Fa'\\l^ < is gauge equivalent by an element s G f2°(D,K)^p to a connection A = 
d + a where a satisfies 

i) d*a = 0, 

ii) X ■ a = for any x G 9D, 
Hi) < 4F\\Lf,- 



Lemma 4.1.3. Let A = d + a be a connection on the trivial principal bundle E = K x 
D — »• D which satisfies conditions i)-iii) in theorem 4-1 -^4 - Suppose that the curvature 
Fa = da + lies in fi^(fi^)^p, where k >1. Then a G Q^{tE)Li^_^ ^^'^ there is a 

bound 



a\\Li^^ < C{\\Fa\\lI + IMli) 



where C depends on k. 



Proof. For > 1 we have in real dimension 2 Sobolev multiplication L^^L^ L^. 
On the other hand, the operator d + d* with the boundary condition ii) in theorem 
4.1.21 is elliptic of degree 1. So, using the generalisation of Garding's inequality to L^ 



spaces (see [ piTr|| ) we get for any k 

< Cki\\id + d*)a\\LP + \\a\\Lp) = Cki\\da\\LP + 

Combining this inequality with Sobolev multiplication and using induction the desired 
bound follows. □ 

In our case we will have natural upper bounds for the L^ norm of the curvature 
of connections A appearing in pairs [(A, $)] G J\4i^„{B,c) (this bounds are obvious 
from the equations when F is compact, since then /z is bounded; for noncompact F 
the Yang-Mills-Higgs functional provides the upper bound, see theorem |1.2.18|). Since 



over a compact domain such as X we have a continuous embedding L"^ '—>■ L^, we will 
be able to use the preceeding theorem. 
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4.1.2 Rescaling 

Concerning the norm of the curvature, there is a crucial point which will be used 
several times in our discussion. In real dimension 2 the norm of the curvature 
of connections is not conformally invariant (this is in contrast with the situation of 
real dimension 4). The situation is even better for our purposes, since the curvature 
transforms in the good way under conformal maps, as the following lemma says. 

Lemma 4.1.4. Let < r < 1 be a real number. Let A = d + a be a connection on 
the trivial principal bundle K x 3^ ^ D,. over the disk D,. G C of radius r. Consider 
the homotecy A,. : D — >■ which sends any 2; G D to rz E Vir- Take on D and the 
metric induced by the canonical one on C. Then 

^Fx*A = t^AFa and ||FA-,A||i2(D) = r^\\FA\\l2(p^y 



Proof. We have F\*a = X^Fa- So for any a; G D and any vi, V2 G T^D we have 

Fx*a{x){vi,V2) = FA{rx){rvi,rv2) = r"^ Fa^vx) {vi,V2), 

and this proves the first formula. To prove the second one observe that \Fx*a{x)\'^ = 
r^\FA{rx)\'^ and use the change of variables formula. □ 

We will also use the following lemma, whose claim is analogous to the fact that the 
energy is conformally invariant in dimension 2. Its proof is an easy exercise. 

Lemma 4.1.5. Using the same notation as in the above lemma, let ^ : 3^ ^ F be a 

L\ section. Then 

IMaj;a(A*$) 11^2(10,) = IMA'^'||i2(D^). 

These two lemmae imply the following. Let (A, $) be a pair consisting of a connec- 
tion one form A on the trivial bundle K x ^ and a section $ : ^ F x D^. 
Suppose that < C . Then 

yMn,{K{A, $)) < yMn,{A, $) + 7r(c + \c\)\ 

the 7r(C + \c\Y summand accounting for the term — c|||2 in Yang-Mills-Higgs 
functional. 

Another consequence is that if (A, $) is a THC on D^, then A* (A, $) is no longer a 
THC. This justifies the following definition. For any A > we will say that (A, $) is 
a A-THC if the following two equations are satisfied 

dA^ = 

AF4 + A;u($) = Ac. 

Now, if {A, $) is a THC on D^, then, by lemma pT^ , X;{A, $) is a r^-THC on D. 

For any x G X and any r > lower than the injectivity radius of X, ip^^r '■ D 
D{x]r) will denote in the sequel the diffeomorphism 

between the unit disk D (viewed as a subset of T^X) and the geodesic disk of radius r 
centered at x. The map ilJx,r will be called the geodesic chart of D{x] r). 
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4.1.3 Regularity 

We are now ready to prove the main result of this section. 

Theorem 4.1.6. Suppose that the pair (A, $) G i2^p x ^^.f satisfies the following 
equations 

AFA + M*) = c + a2, ^ ■ ' 

where (cri,a2) G S (so that ai,a2 are smooth). Then there is a gauge transformation 
g E such that both g*A and g^ smooth. 

Proof. Let x G X be any point. Consider a geodesic disk D{x;r) centered at x 
of radius r > 0, and write A for the geodesic chart ipx.r- Denote [A', $') the puUback 
(A*yl, A*$). Fix a smooth triviahsation X*E ^ x D ^ D. If r has been chosen 
small enough the metric X*g{X) is very near to the flat metric on D. Taking this into 
account, lemma |4.1.4| implies that for small enough r the norm of the curvature 
of A' = X*A, computed with the fiat metric on D, is smaller than the constant 6 in 
theorem [4.1.2| : 

II-^a'||l2(d) < ^• 

So we can take a gauge transformation s G Q^{3;K)]^p such that s*A' satisfies i)-iii) 



m 



Let us write {A", = s{A', for simplicity. We prove the smoothness of {A", 
by a two-step bootstrapping, using first lemma f4.1.1| and then lemma [4.1.3| . Since the 



connection A" lies in ^lP(D)), lemma 3.1.1 implies that I {A") is of class L^. Now 



lemma [4.1.1| and the first equation in ( |4.1| ) gives $" G ^lP(d)- We now go to the 
second equation in ([4.1|). Since $" G ^1^(0) we get that Fa" has finite norm, and so 
by lemma [4.1.3| the connection A" G ■^lKo)- Now, by lemma ^.1.1| , I{A") is of class L3. 



We use lemma [4.1.1| again, and so on. At the end we deduce that {A", is smooth. 
Note that, since lemma |4.1.1| gives only interior regularity, we may have to stretch our 
disk a little bit each step. In any case, we end up with smoothness at any disk smaller 
that D, say D1/2. 

Observe also that if s' is any smooth gauge transformation then {{s's)*A', 
is still smooth. In particular, we can take s' near in the norm (since s is in 
L2 and L2 ^ C"). This means that the gauge transformation sending (A', $') to a 
smooth pair may be taken arbitrarily small in the norm. 

So far we have proved that for any x G X there is a ball D{x) centered at x and 
a gauge transformation g^ '■ D{x) — > K defined on D{x) which sends (A, $) to a 
smooth pair (over D{x)). At the intersection of two overlapping balls D{x) and D{x') 
the transformations g^ and g^' will differ by a smooth map g : D{x) (1 D{x') — > K 
(recall that we used smooth trivialisations of the restriction of E to the balls D{x)). 
A standard gluing argument proves then that there exists the desired global gauge 
t r ansf ormat ion . 

We show for example how to glue g^ and g^' to a gauge gx,x'- Take a smooth 
function ip defined in a neighbourhood of D{x) U D{x') such that 4'\d{x)\d(x') = 1 and 
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'^\d{x')\d{x) = (we may have to restrict to the complementary of a small tubular 
neighbourhood of the boundary of D{x) U D{x') for this ip to exist). By a previous 
comment we may assume, without lose of generality, that \gx\ and \gx' \ are small enough 
so that at D(x) fl D(x') we can write gxQ^'^ = exp(/i), for h smooth. We then define 

r g, atD{x)\D{x') 
gx,x' = I ew{^h)gx: at D{x) n D{x') 
[ g,, at D{x') \ D{x) 

□ 

4.2 Equivariant Gromov- Schwartz lemma 

Take a connection on TF which is compatible with the complex structure Ip and 
whose (1, l)-torsion vanishes (that such a connection exists is proved, for example, in 
Wo|| ). Let V'^ be the ii"-invariant connection obtained from averaging V^. Since Ip 
is /^-invariant, it turns out that the connection still has vanishing (1, l)-torsion. 

Lemma 4.2.1. Let c & t be a central element. There exist a constant e > with the 
following property. Let X = 3r G C be the disk of radius r > with the standard 
metric. Consider a pair {A, $), where A G Q^{X; i) is a connection one form on the 
trivial bundle K x X —* X and ^ : X ^ F x X is a section of the associated bundle. 
Suppose that the pair {A, $) is a X-THC, that is, it satisfies the equations 

f Oa^ = 

\ AFa + A/i(<l>) = Ac, 
where A G [0, 1] is a real number. Suppose that yAiTidA, $) < e. Then 

|d^$(0)p < C(l + r-2)(l + WdAnh^x)), 
where C is a constant independent of A, $ and A. 

Proof. Throughout the proof C will denote a constant independent of A, $ and 
A, and will not always be necessarily the same. Let r' = min(r, ^e/2n). We will prove 
that 

\dAm\'<Cr'~\a + \\dAnhiDj- (4.3) 

This clearly implies the lemma. 

Take on TX the trivial connection V^. This connection is obviously compatible 
with the canonical complex structure Jx on X C C and has zero torsion. Let gx be the 
canonical metric on X. Let tt^ : J-" = X x F X. The connection A gives a splitting 
TjF ~ Tlx ® TJ^y, which allows to define a complex structure I (A) = Ix ® If 
and a metric g{A) = gx ® Qf on TjF. On the other hand, since is iC- invariant, 
we can extend it fibrewise to obtain a connection on TjF^ (see section [A. 11 ). Summing 
the resulting connection with ttJ* V"^ (here we use the splitting TT ~ 7rJ*TX © TJF^ 
given by A) we get a connection V'^ = V'^(v4, V'^, V^) on TT. The connection V'^ is 
compatible with I{A) and g{A), that is, V^I{A) = V^g{A) = 0. 



(4.2) 
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Lemma 4.2.2. Take a metric on 6. With respect to the metrics gx, Qf o,nd g{A) we 
have l-Fv-^l ^ l-^v-^l + C'I-^-aI? where C > is a constant. 

Proof. Since F is compact there is a real number C > such that, for any x & F 
and for any s G |^^(a;)| < C\s\ and \Q'^^{s){x)\ < C\s\. Now lemma [A.1.4| in the 
appendix gives the result. □ 



Lemma 4.2.3. Suppose that the (1, 1) parts of the torsions of and vanish. 

71,1 



Then the (1, 1) part of the torsion of the connection is —d'Kx*F]\^ 



Proof. This follows from lemma |A.1.5| in the appendix. □ 



Let (u, v) be the standard coordinates in C ^ M^. Let U = d^/du and V = d^/dv. 
In the rest of the proof we will write V = V'^ and J = I (A). 

As defined, the fields U and V are sections of ^*TJ-'. To give a rigorous sense to 
the following computations, we extend smoothly U and V to get fields on JF; however, 
we are only interested on the values they take on and all the equalities between 

fields on JF should be understood in this proof as refering only to their restrictions to 
For example, we may write JU = V and JV = — U (no matter how U and V 
have been defined outside $(X)). We also have |U| = |V|. 

We have [U, V] = (this is always true on $(X), regardless the way we have ex- 
tended U and V out of $(X)). By lemma we have VuV-VvU = Torv^(U,V) 



^j^Fa ■ Using the second equation in ( [4. 21 ) we deduce from this the following inequalities 

|Vu(VuV- VvU)| < C|U|, (4.4) 
|Vv(VuV - VvU)| < C|U|, (4.5) 

where the constant C depends only on the (norm of the) differential dfi of the moment 
map n and on the constant C in the proof of lemma [4.2.2| . 

Using VJ = we compute 

^A|Up = I VuUp + I VvUp + (U, VuVuU) + (U, VvVvU) 
> (U, VuVuU) + (U, VvVvU) 

= -(U, JVuVuV) + (U, VvVuV) - (U, Vv(VuV - VyU)) 

= -(U, JVuVvU) + (U, JVvVuU) 

+ (U, JVu(VvU - VuV)) - (U, Vv(VuV - VvU)). 

The first and the second summands in the last expression are equal to — (U, J-Fv(U, V)U), 
which can be bounded by C|U|^ thanks to lemma |4.2.2| (recall that we write V = V'^'' 



Finally, the third and the fourth summands can be bounded by C|U| using the in- 
equalities ( |4.4| ) and (^75|). So we obtain 

^A|Up > -C|Up-C|U|^ (4.6) 

On the other hand, we have = 2|Up and = 2+ so from the bounds 

||(iA$|li2(£,^) < yMHciA,^) < e and r' < ^/e/2TT we deduce ||(i$||^2(£, ,) < 2e. Now, 
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as in theorem 2.3 in | PaWo ], we deduce from the inequahty (4^) that if e is small 
enough (with respect to the constants appearing in ( |4.6| )) then 

\d^\'<Cr'-'\\dnl.^j,^,^, 



from which ([4 .31) easily follows. 



□ 



4.3 Removability of singularities 

Let r e M"*" \ M, and write r = I + a, where k E N and a G (0, 1). Let denote the 
Holder C''" norm. Recall that for any compact n-dimensional manifold M we have a 
continuous embedding Ll{M) C^{M) whenever r < k — '^ (here C^{M) denotes the 
completion of C°°(M) with the C" norm). Since we are assuming that p > 2, it turns 
out that there exists r > and 

L?(M) ^ C'iM) (4.7) 

for any Riemann surface M. 

We will use the following theorem on removal of singularities for holomorphic curves 
(see p. 180 in M). 

Theorem 4.3.1. Let M be a compact manifold with a complex structure I of Holder 
class C' , where r > 0. Let /o : D \ {0} M be a I -holomorphic map of finite area. 
Then /q can be extended to a I -holomorphic map f : D M of class C^^^ . 

The following theorem generalises the preceeding result to THCs. 

Theorem 4.3.2. Let c E t be a central element. Let X = 3 G C be the unit disk 
centered at 0, and let X* = X \ {0}. Let ao G Q^{X]t)iP be a connection one form 
and take a section $o : X* ^ F x X* of the bundle F x X* ^ X* . Let Aq = d -\- ao 
be the connection induced by ao. Suppose that on X* 

\ AFa, + A/i($o) = Ac 

where A G [0, 1], and that yAiT-Cc{Ao, $o) < oo. Then there exists a gauge transforma- 
tion g : X ^ K such that g{Ao, $o) can be extended to a X-THC {A, $) defined on X . 



Proof. The proof is similar to that of theorem [4.1.6| : we use already existing results 
alternatively with the first equation and then with the second one. We can assume 
(maybe after reducing to a smaller disk D^., r < 0, and rescalling), that ||-F'aoIIl2(x*) < S, 
where 5 > is the constant in theorem |4.1.2| . Then using theorem [4.1.2| , we may gauge 
the pair {Aq, $o) to a pair {A, $) such that A = d -\- a is in Coulomb gauge: d*a = 0. 
Consider the complex structure / = I (A) on F x X. By the embedding ( |4.7] ) the 
connection A is of class C^, for r > 0. The same applies to the complex structure /, 
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so we may use theorem 4.3.I . Indeed, by the first equation in (4J 
with respect to / and, since yA4Hc{A, $) < oo.. 



$ is holomorphic 
the energy ||(i$||i2 < oo. We thus 
obtain an extension $ : X ^ F x X of $o of class C"'"'"^. We now turn to the second 
equation in ([4.8|) and deduce that Fa is of class L^. Since we are in Coulomb gauge 
this gives a bound on A and hence on I. And so on. □ 



4.4 Compactness 

Let a G be any perturbation. 

Definition 4.4.1. A cusp a-THC is the following set of data. 

1. A connected singular curve X'^ with only nodal singularities, of the form X'^ = 
Xq U Xi U ■ ■ ■ U Xk, where Xq = X , and where the other components are rational 
curves CP^ and are called bubbles; furthermore, two different components Xi 
and Xj meet at most at one point. We call Xq the principal component of the 
cusp curve X^. 

2. A -principal bundle E Xq, a connection A on E, a section $o • -^o ^ T = 

= E Xgi F and an element c G iM satisfying the equations 

r 9a$o = 0"! 

\ AFa + /x($o) = c + aa. 



3. For any k ^ 0, a holomorphic map $fc : Xk —* T whose image is inside a 
unique fibre T^^, of T ^ X ( note $fc is holomorphic with respect to the complex 
structure on F). The maps ^q, $i, . . . , $x are required to glue together to give a 
map $ : X*^ — > JF. 



We denote cusps with tuples of the form {E, X^, A, $, c). 

Theorem 4.4.2. Let B G H2{Fk;1j) be any homology class. Let E ^ X be the 

unique K principal bundle such that ri{E) = {'irp)^B, where '■ Fr BK is the 
projection (see lemma \A.3.3i in the appendix). Let be the space of connections on 



E , 5^ = T(E Xk F), and ^ the gauge group of E. Consider a sequence of a-THCs 
[Aj.^j) G M.a{,B,Cj), where the elements Cj lie in a bounded subset oft. 

Then, after passing to a subsequence, there exists a cusp a-THC {E,X'^,A,^,c) 
and gauge transformations Qj G ^ such that if {A'j, = gj{Aj, $j) we have 

1. Cj c, 

2. A'j Am C°°, 

3. pe^,{^oJ\Xq\ + Yl,k=i^kJ\Xk]) = B, where the map pE^, is given in subsection 
3.2.2.2i (see also \A.4 in the appendix). 
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4- the images C converge pointwise to $(X*^), that is, for any sequence 



-J 

Xj G Xj there exists x E such that ^'^(xj) 



Proof. We prove the theorem in several steps. 
4.4.0.1 We may assume that (Xi = 0. If it is not, then we substitute F hj X x F 



with the complex structure I^^ as defined in subsection |3.2.1| and with the trivial action 
of on the first factor. In the rest of the argument we will assume that a2 = just 
to simplify the notation (the general case is not more difficult, but longer to write). 



4.4.0.2 Since {Aj, $j) G MaiB, c), theorem |1.2.18| gives bounds 

l|i^Aji2 < C and \\dA^<!>j\\l,<C, (4.9) 
where C > is independent of j. (Note that theorem |1.2.18| refers to THCs and not 



to cr-THCs. The needed modifications to deal with a-THCs are easy and left to the 
reader.) 

4.4.0.3 We next show that there is a finite subset {xi, . . . , xi} C X, a subsequence 
of {(^j,$j)} (which we call again {(y4j,$j)}) and gauge transformations {gi} such 
that gi{Ai, $j) converge uniformly in the C°° topology on X \ {xi, . . . ,xi} to a THC 



Fix e' > lower than the e in lemma [4.2. 1| . For any k,n eN let 



Ck,n = {x G X| yMnc,{^,,2-AAk,^k)) > e}. (4.10) 

Lemma 4.4.3. Ck,n can be covered by N balls {ip^k,n ^ ^_„{3)}i^i<n , where N depends 
only on e. 

Proof. Fix k E N. Take any point x^'" G Ck^n and repeat the following pro- 
cess. Once Xjn = {x^'", X2'"', . . . , x^"} have been selected, take x'^i to be any 
point in Ck,n at distance > 2.2~" from any point in Xm- This process must finish 
at some step. Indeed, if {x^'", . . . , x^"} have been selected in this way, then the disks 
{D(x^'"'; 2~'^)}i<j<7v are disjoint, and hence by the definition ( [4.10| ) of Ck^n we must 
have Ne' < yA4Hc^{Ak,^k) = C. Finally, if {x^'", . . . , x^"} is a maximal set, then 
Ck^n is contained in 

{D(4'";3.2-")}i<,<^. 

□ 

Now, by taking a subsequence of {Ak, $fc) we can assume that the elements in 



r k,n fc,n-| 
\Xi , . . . , X^ I 

converge as /c — >■ 00 to {x", . . . ,x^}. Repeating this for any n E N and using the 
diagonal argument, we may assume that {x", . . . , x^} = {xi, . . . , xat} for all ri. Let 

Xo = X\ {Xi, . . . ,XAr}. 
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Gromov-Schwartz lemma 4.2.1| implies the following. If x G X \ Ck,n then 

\dA,Mx)\ < 1 + 2"C, 

where C is independent of k and n. As a consequence, for any x G Xq we have a bound 
for any k 



where C : 



\dA^^k{x)\ < C{d{x, {xi, . . .,xn})), 
is a continuous function. 



(4.11) 



From the bound on the curvature in ( |4.9| ) and lemma [4.1.4| we deduce that for any 
e > 0, there exists r = r(e) such that for any x G X and < r' < r 



< e. 



Taking this into account, we define tq = r{6), where 6 is the constant in Uhlenbeck's 
theorem [4.1. 2| . 

Cover X with open balls of radius tq and take a finite cover {-Di, . . . , Dg} such that 
the collection {D[, . . . , D'^} of disks concentric with {Di, . . . , Dg} and with radius ro/2 
still covers X. Using Uhlenbeck's theorem [4.1.2| we get for any k, I trivialisations 

ak,i : E\di ^ Dix K 

for which the connections A^l^^ = d + ak^i are in Coloumb gauge. That is, a^,; G 
Q}{Di] i) has bounded L\ norm: 



(4.12) 



On any nonempty intersection DiClDj we have transition functions gk,ij : DiClDj K 
such that (Tfcj- = gk,ij(^k,i and which satisfy the cocycle condition g^ii = gk,i,jgk,j,i- On 
Di n we have akj = gl^i^jOik,i- This is equivalent to dgk^ij = 9kXjOik,j - OiKiQkXj- 
The transition functions gk,i,j take values in the compact group K. So using the bound 
( [4.12| ) and the Sobolev multiplication theorems we get uniform bounds 



\gKi,j\\Ll{D,nD,) < c . 



(4.13) 



Note that the gauge equivalence class of the pair {E, Ak) is completely determined 
by the collection of 1-forms {otk,i} ^ ^^{Du 6) and by the transition functions gk,i,j- 

Using the bounds ( |4.12| ) and ( |4. 13| ) we deduce that there exists a collection of 1- 
forms {ai G Q}{Di; t) and a set of maps {gi^j : D^ fl Dj — >• K} and that, after possibly 
restricting to a subsequence of {A^}, we have weak convergences for any z, j, /c, I 

ak,i ai in L{ and gk^i^j gij in . 

This implies strong convergence gk,i,j — >■ gij in L\. In particular, making /c — oo in 
the cocycle equation gk^i^i = gk,i,jgk,j,i we deduce that the set {gij} satisfies the cocycle 
condition 



gi,i — gi,j9j,i 
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and hence defines a i^-principle bundle isomorphic to E (since and conse- 

quently the convergence gk,ij — >■ Qij is uniform; see proposition 3.2 and corollary 3.3 
in [|Uh|] ) . On the other hand, by the Sobolev multiplications theorems we can make k 
go to oo in the equation akj = gk,i,j^k,i and deduce that the 1-forms ctj satisfy 

and so they define a connection A e s^^p on E. Let Aq = A\xo- Our construction 
in terms of local trivialisations implies the existence of a sequence of global gauge 
transformations Qk such that glA^ A weakly in L^. 

Let now x E Xq and suppose that x G -D;. Take a compact disk K = D{x]r), 
where 

r = min{ro/2, d{x, {xi, xJ/2)}. 
We get from ( [4.11|) a uniform bound 



\dAk^k\c<:>{K) < C" 

which only depends on d{x, {xi, . . . ,Xr}/2). 

Next, we prove that the restriction of $fc to K and ak,i are bounded in the C°° 
topology. For that we use the bounds in lemmae [4.1. 1| and |4.1.^ alternatively, exactly as 



in the proof of theorem |4.1.6|. So by Ascoli-Arzela and after passing to a subsequence. 



there exists : K ^ F such that ^k\K , and the convergence ak^i Oii is in 

C°°. Hence on K the pair {d + a;, is a THC Doing this for any x G Xq we get a 
smooth section $q defined on Xq such that (Aq, $o) is a THC on Xq. 



4.4.0.4 Using theorem |4.3.2| on removability of singularities we see that the pair 
(^0) $o) extends to a pair (A, $o) defined on the whole X. Indeed, from construction 
we know that Aq extends to a connection A with ||v4||2,p < oo. 



4.4.0.5 The total energy yM7ico{AQ,^o) may be lower than yMHc^Ak^^k) if 
bubbling occurs. Equivalently, the cohomology class P_b*$o*[-^o] need not be B. The 
last step is to consider this possibility and to study the possible bubbling. 

For that one does the following. Fix x G {xi, . . . , Xat}. We consider sequences 
{tk} G M and {zk} G C (on which later certain conditions will be imposed) and the 
maps ipk '■ — TxX X which send any z G C to 

il)k{z) = exp(t^^{z - Zk)). 

(Note that in general ipk niay fail to be defined in the complementary of a disk in C.) 
Suppose that tk —> oo and that tkZ^-^ remains bounded. Then for any compact K G C 
and big enough k (with respect to K) the THC 

iAl^'l) = MAk,^k) 

is defined on K. Furthermore, the energy yA4Ti.c,.{A'l,^'l.) remains bounded. So 
we can apply the same reasoning as in the beginning and deduce that out of a set 
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yi, . . . ,yM C C the THCs {A^, $'^) converge (after conveniently regauging) to a THC 
{Al, defined on C \ {yi, i/m}- 

The connection A'^ is (gauge equivalent to) the trivial one. This follows from the 
fact that, since tk ^ oo, lemma |4.1.4| implies that ||Fa^'||x,2 — 0. So we end up with 
a genuine holomorphic curve $q : C \ . . . , ?/a/} ^ JF^ = F of finite energy. Hence 
we may use removal of singularities to get a map from CP^ to F. And now we may 
repeat the process again. 

Now we have to specify how the sequences {tk} and {zk} are to be chosen in all 
the process. The following two things are necessary: 

1. the recursive process ends after a finite number of steps (bounded above by a 
funtion of 3^A^7icfe(^fc, ^k) or equivalently by B) and 

2. there is no lose of energy, that is, after we finish the process we get a set of 
bubbles Xi , . . . , Xn such that 



X" = Xo U Xi U ■ ■ ■ U X. 



R 



is an admissible curve and a cusp a-THC {E, X'^, A, $, c) whose energy yA4Hc{A, $o) + 
Yl IM'^fcllia is equal to yAiHc{Aj,^j) for any j and such that pe^{^o*[^o] + 
E$fc*[Xfc]) = 5 

In [paWoll a precise algorithm is given to chose the sequences {tk} and {zk} in 
the case of holomorphic curves. This is done by chosing z^ so that the energy ipl^ is 
centered in the south pole (here we view CP^ = CU{oo} and we identify the south pole 
with G C) and such that the amount of energy concentrated in the north hemisphere 
is equal to a certain suitable constant Cq. We now give a sketch of their construction 
adapted to our situation. See | |PaWo| pp. 83-85 for more details. 



1. Let 5*^ C be the unit sphere centered at (0,0,0), and let p+ = (0,0,1) and 
p_ = (0, 0, —1) be the north and south pole. Fix e > smaller than the injectivity 
radius of F. Let a : S"^ —>■ T^X be the stereographic projection which maps <y{p-) 
to and cr(p+) to oo. 

2. Let us fix a retraction p : J-'\D{x;e) — F (for example by radial parallel 
transport). Identifying a neighbourhood of in T^X with a neighbourhood of x 
in X by means of the exponential map we may define 

/, = a*(po$,):Z^(6)^F, 

where -D(e) C S^. Let Tj : S*^ — > 5*^ be a conformal map such that if /j = o Tj 
then the center of mass of the measure — |c(foP| lies in the z-axis. 

3. For a fixed suitable constant Cq (see p. 83 in [PaWo|| ) we consider a radial 
dilation dj : ^ which keeps the north and south poles fixed and such that 
if Dj = d~^{D(e)), f- = /j o dj and H_ is the south hemisphere in S^, then 



/ iKr-Kn = co 

JDj\H. 
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4. Then Rj = a o Tj o dj : S^. ^ keeps the two poles fixed and its restriction to 
C = S"^ \ is Rj{x) = tjX + Zj, and tj — > oo. So by our previous reasoning 
this gives a bubble B{e) concentrated in ^j.. Now we make e — >■ and we take 
as our final bubble the limit bubble (again this exists by Gromov compactness 
theorem) . 



Translating word by word the argument in [|PaWc|] we deduce that if we follow this 
renormalisation method then there is no loss of energy, and consequently the third 
claim in the theorem follows. 

For the last claim we invoque corollary 6.4 in [[PaWo|| , where pointwise convergence 
is proved for holomorphic curves. Again, the argument applies to our situation. 

Another very good reference for the bubble tree compactification is [pa[] , where 
harmonic maps are studied instead of holomorphic curves (which are particular cases 
of harmonic maps) . □ 
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Chapter 5 

The choice of the complex structure 



In this chapter we will assume K = and we will call u = up the symplectic form 
on F. In chapter |^ we constructed the moduli space of a-THCs and proved that for 
generic a the moduli was a smooth manifold. In chapter ^ we gave a compactification 
of the moduli by adding to it what we called cusp cr-THCs. We may view this com- 
pactification as adding some pieces to the moduli in order to get a compact stratified 
topological space. Our ultimate goal is to use the compactification of the moduli to 
define invariants, and for that we shall need the strata to be smooth. In this chapter 
we prove that for a generic invariant complex structure on F certain moduli spaces 
of holomorphic curves are smooth manifolds. This will be used in chapter ^ to prove 
that the moduli of cusp a-THCs is a stratified variety with strata admitting ramified 
coverings by smooth manifolds. 

Let J^i^ C End(TF) be the set of complex structures on F compatible with uj (that 
is, for any / G J^i^, uj{-, F) is a Riemannian metric). Our aim is to study compatible 
complex structures / G J^i^ which are invariant under the action of (recall that 
invariance was requiered in order to define the equations, see section |1.1| in chapter p. 



A first existence result, which was already mentioned in chapter |l] is the following (see 
lemma 5.49 in ||McDS2|| ). 



Lemma 5.0.1. Let ^uj^s'^ C J^^; C End(TF) he the set of S"^ -invariant complex struc- 
tures on F which are compatible with u. The space ^u},s^ is nonempty and contractihle. 

We are only interested on some elements of J^t^^^i, namely, those for which certain 
spaces of holomorphic curves are smooth. If we forget the action of and we take all 
compatible complex structures, then for a generic structure we get a smooth moduli of 
simple holomorphic curves. Multicovered curves (that is, those which are not simple) 
cannot be included in the moduli without possibly giving rise to singular points, no 
matter what complex structure we consider. Due to S'^-invariance, in our setting there 
will appear more problematic types of curves, appart from multicovered ones. In fact, 
in order to get smooth moduli spaces of simple curves we will have to restrict ourselves 
to curves with a fixed isotropy pair (see subsection |5.3.3|) . 
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5.1 Isotropy pairs 

Definition 5.1.1. Let s : T, ^ F be any smooth map. We define the isotropy pair 
of s, {L{s),H{s)), to be the pair of closed subgroups L{s) C H{s) C defined as 
follows 

H{s) ■={eeS^\ ^•s(S) = s(S)} 
L{s) :={^eif(s)| ^|,(s) = Id}. 

Let s : E — > F be a simple map, and let g e H{s) be any element. Let Ej be the 
set of injective points of s, that is, 

Ei = {xe S| ds{x) 7^ 0, ^s-h{x) = 1}. 

The action of g on s(E) induces a holomorphic bijection 7^(5') : Ej — > Ej which can 
be extended to a homeomorphism '~f{g) : S ^ S. Now, since the map s is simple, the 
noninjective points S \ Sj can only accumulate at a finite set of points (namely, the 
critical points Ker ds), and hence the map 7(5') is holomorphic by standard removability 
of singularities. This way we have defined a map 7 : H{s) — > Aut(E). Obviously, 
Ker7 = L{s). Let F = ^{H{s)). Since L and H are closed subgroups of S^, the 
extension 

1^ L^ H ^1 (5.1) 

is uniquely determined from L and F. 

On the other hand, note that s(S) is contained by definition in F^^^\ the fixed 
point set of the action of L(s) on F. We define 

Map^(E, F) = {s e Map(E, F^)\L(s) = L} C Map(E, F^). 

This inclusion is not an equality in general, since there might be some s G Map(E, F^) 
such that L{s) strictly contains L. The following technical results will be crucial in 
proving the smoothness of certain moduli spaces for generic choices of invariant com- 
plex structure / e -^uj,s^- 

Theorem 5.1.2. Let us take a complex structure I G c^u,s^> '^^''^ let s : H ^ F he a 
simple holomorphic map. Let H = H{s). Then there exists a disk D C S such that 

■ s(D)r]s(T,) ^ H ■ s(D). 

Theorem 5.1.3. Let us take a complex structure I G ^a;,5i, and let s G Map^(E, F^) 
be a simple holomorphic map. Then the set {a; G E| L ^ Stabgi s{x)} is finite. 
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5.1.1 Proof of theorem 15.1.2 



In order to prove the theorem we will use the following result on holomorphic curves 
(see lemma 2.2.3 in ||McDSl|| ). 



Lemma 5.1.4. Let I G J^^ be any complex structure. Let Si, S2 '■ ^ F be two simple 
holomorphic maps with respect to I . Let K C T, be a closed subset of noninjective 
points for both si and S2. If the intersection si{K) fl S2{K) contains infinite points, 
then Si = S2. 

From now on we fix a complex structure / G ^uj,s^j ^ind we take on F the metric 
u!{-, /■). This metric is 5'^-invariant because of the invariance of u and /. 

Definition 5.1.5. Let 2J G r(TF) be the vector field generated &y i G iM = Lie(S'^). 
For any x G S and any smooth map s : Tj ^ F we define 

6s{x) := dist(^(x),c/s(TE)). 

We assume for simplicity that H = {1}, and at the end we will say some words 
about the general case. We proceed as follows: we assume that the claim of the theorem 
is not true and we show that this leads to a contradiction. So we suppose that for any 
open set C S there exists a point x E U and a E such that a ■ s{x) G 



5.1.1.1 Let Z = s^^{{s{z)\z G S, ds{z) = 0}) be the set of critical points. This is 
a finite set (see lemma 2.2.1 in [|McDSl|| ). So s(S) is not contained in 5*^ ■ s{Z), since 
the latter is a disjoint union of points and circles. Let T be a S'^-invariant tubular 
neighbourhood of ■ s{Z). Put S' = s-\F \ T). 

The set of noninjective points Z' = {z E T,\'^s^^ s{z) > 1} can only accumulate at 
critical points (see the comment before lemma 2.2.3 in ||McDSl|] ), so Z" = Z' fl S' is 
finite. Hence, s(S') is not contained in ■ s{Z") and so we may take a S^-invariant 
tubular neighbourhood T" of ■ s{Z") so that S" = s~^{F \ T") fl S' has nonempty 
interior. 

Let Y = {z E Il\6s{z) = 0}. This is a closed set. If the interior int F 7^ then 
for a E near the identity a ■ s(S) and s(S) meet at an open set and hence, by 
lemma ^.1.4| , they coincide. But this is implies that II{s) 7^ {1}, and this finishes the 



argument. So we may suppose that there is a small open disk Da C S" such that 
iniOslDa = a > 0. Suppose also that ■ s{Da) G W C F, where W is open and 
5'^-invariant, and all points in W have the same stabiliser, so that W/S^ is a smooth 
manifold. 



5.1.1.2 The composition 

Da^W ^ W/S^ 

is an embedding if Da is chosen small enough. Let C W/ be an open neighbour- 
hood of 7Ts{Da) with a submersion p : N ^ 7rs{Da) which is a left inverse for the 
inclusion T[s{Da) ^ N. Let Yat = F fl (7rs)^^(A^). The critical points of 



104 



CHAPTER 5. THE CHOICE OF THE COMPLEX STRUCTURE 



contain Y^. Hence, by Sard's theorem ns(YN) C ■ns{Da) has measure zero. Since 
7rs(YAr) is closed, its complementary contains a closed disk Sq. Furthermore, there 
exists 6 > such that for any a; G Sq and a E ii a ■ s{x) = s{y) G then 

0s{y) > b. 

From the construction of Sq we deduce the following result. 

Proposition 5.1.6. There exist real positive numbers r, rj, e such that for any x G Sq 
and a E if z = a ■ s{x) G s^^{z) has a unique element y E and if 

Dy = D{y] r) is the disk centered at y of radius r, 

1. If w E and d{w,y) < rj, then w G s{Dy). 

2. There exists an open neighbourhood V G F of s{y) containing s{Dy) and a chart 
= (01, ... , (j)2n) -.V ^M?"" with 4>{s{y)) = such that 

2. a. For any v G Dy, <p^{s{v)) = ■■■ = 02n(s(t;)). 

2.b. If 13 G [— e, e] C , then for any v G Dy, [3 ■ s{v) G V and 

0(/3-s(i;)) = 0(s(t;)) + (O,O,/3,O,...,O). 



5.1.1.3 We assume for the rest of the argument that diam(s(So)) < rj/2. Let us 
identify 5^ ~ [0, 27r) so that is the identity and consider 

/ = {(a, x) G (0, 27r) x So|a ■ s{x) G (5.2) 

Thanks to the inequality ^s|eo ^ & we know that there exists 5 > such that / C 
[5, 27r — 5] X Sq. Clearly I is closed. By our assumption the image of the projection 
tte : / ^ So is dense and so (since it is also closed) coincides with Eq. Let now [0, /i] C 
[— e, e] be a subset such that for any u G [0, /i] and for any x G F, d{x, v ■ x) < ^7/2. 



5.1.1.4 Cover [5, 27r — 5\ with closed intervals Ai,...,Aj. of length < /i and let 
/fc = / n X Sq. Since 7rs(/i) U ■ ■ ■ U TiY.i.h) = and nj^^Ii) is closed for any I, there 
exists a 7rs(Jfc) with nonempty interior. Let D C int 'KY,{Ik) be a disk, and take x E D. 
By assumption there exists a E A^ such that a ■ s{x) = s{y), y E T,. By property 2 in 
|5.1.6| there exists an open set \^ C -F containing s{Dy) = s{D{y, r)) and a chart 

0:1/^ M2n_ 

For any z E D there exists (3 E A^ such that (3 ■ s{Z) E s(S). On the other hand, since 
d{a ■ s{z), a ■ s{x)) = d{s{z), s{x)) <rj/2 and |a — /5| < yU we have 

d{,f3 ■ s{z),s{y)) < rj. 



Hence, by property 1 in proposition |5.L6| , /? ■ s{z) E s{Dy). So by 2.b in p.l.6| , if 



w = s{z), then 03(w) = a — (3, 04(w) = ■ ■ ■ = 02„(iy) = 0. This implies that for any 
z E D, jj/jtn{z} X Ak = I. Let {z, h{z)) be the unique element of this set. The function 
h : D ^ Ak is h{z) = a — (f)3{s{z)) and so is continuous. Hence there exists c E Ak 
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such that tl/i~"^(c) = oo (see lemma |5.1.7| below). From this we see that c ■ s(S) fl s(E) 
has infinite points which do not accumulate on critical points (since s(So) is at positive 
distance from the S'^-orbit of the image of any critical point of s) . Finally, using lemma 



5.1.41 we deduce that c ■ s(S) = s(S), in contradiction with the assumption H = {!}. 



This finishes the proof of the case H = {1}. 

5.1.1.5 In the general case we proceed as follows. Since the case H = is trivial, 
we suppose that jjif < oo. We assume that for any open set [/ C E there exists x & U 
and a & S^\H such that a ■ s{x) G s(S). We do exactly the same thing as in the case 
H = {1} to get a subset Eq C S (note that the function 9s{x) is equivariant under the 
action of H). Now, the set I defined in ( |5.2| ) is at positive distance from H x Sq. So 
the element c G 5*^ found at the end of the reasoning does not belong to H, and hence 
the fact that c ■ s(S) = s(S) leads to a contradiction. 

5.1.1.6 The following lemma finishes the proof of the theorem. 

Lemma 5.1.7. Let I = [0, 1], and let h : P I he a continuous map. There exists 
c E I such that tl/i^^(c) = oo. 

Proof. The image h{P) is an interval [a, b] G I. If a = 6 we put c = a = b, and 
the proof is finished. Otherwise, let a < c < b. Assume that C = h~^{c) is a finite 
set of points. Let x,y E P such that h{x) = a and h{y) = b. We can find a path 
^ : I ^ P\C from x to y. Now the sandwich principle implies that there exists m E I 
such that h{'-){m)) = c, in contradiction with the definition of C. (In fact, C = h^^{c) 
will neither be countable. If it were, then P\C would be arc connected as in the finite 
case, and the same reasoning would lead to a contradiction.) □ 



5.1.2 Proof of theorem |5.1.5 



Let S' = {a; G S| L ^ Stab^i s{x)} and suppose that jlS' = oo. Since the set 

{Stabsi x\ X E F} 



of stabilizers is finite (see lemma [A.2.3| in the appendix), we may assume that there 



exists a group L" strictly containing L such that 

E" = {x G S| Stab5is(x) = L"} 
has infinite elements. Let now 9 G L" \ L. Then s(S) and 6 ■ s(S) intersect at an 



infinite set S" of points. Hence by theorem |5.1.4| they coincide, and so ^ G H(s). But 



now 7(6') G Aut(S) has infinitely many fixed points (all the points in S"), and so it 
must be the identity. So we deduce from the exact sequence ( p.lD that 6 E L, which is 
a contradiction. 
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5.2 Smoothness of moduli of holomorphic curves 

Let us take a closed subgroup L C S^. Recall that the fixed point set C F is 
a compact symplectic submanifold (with possibly several connected components of 
different dimension). The action of on F gives an action of the Lie group S^/L on 
F^. 

Fix a compact Riemann surface S and a group of automorphisms F C Aut(S). 
Assume that there is an injection p : T —>■ / L with closed image. The morphism p 
allows us to speak about F-equivariant maps s : S — F^. These are simply the maps 
s which satisfy s{g ■ x) = p{g) ■ s{x) for any a; G S. We will denote 

Map^iE, Ff,f (5.3) 

the set of F-equivariant maps s G Map^(S,F)iP. 

Let us take a S^-invariant complex structure / G J^uj^s'^- Let p > 2 be any real 
number. We define the moduli of (L, F, p) equivariant curves with respect to / to be 

A^^''"'''(E, F) = {s G Map'^(E, F)^p'| djs = 0, s simple and F-equivariant }. 

For any A G H2{F; Z), let also A<^'^'''(S, F; A) = {s e A^^'^'^(S, F) \ sjS] = A}. 

Theorem 5.2.1. There is a subset J'^-^-'P c J'^^s"^ of B aire second category such that 
for any I G J^^'^'P the moduli space ''"'''(S, F) is smooth and oriented. 

Proof. The proof, with due modifications, is exactly like that of theorem ^ or of 
theorem 3.1.2 in ||McDSl|| . We start considering the completion J^^^ 51 (resp. J^J,) of 



-^u),si (resp. J^^) in the C' norm, where / > is a big enough integer, and we define, 
for any A G H2{F; Z), the A-universal moduli space to be 

M';f-(Z,FU) = {(.,/) . Map^(E,F)^.' X l^'^^jj^^ = } ■ 

Proposition 5.2.2. The A-universal moduli space M.^^f'''(T,,F;A) is a smooth Ba- 
nach manifold. 

Proof. Let (s, /) G M^f'%T.,F;A) be any point. We will prove that the A- 
universal moduli space is smooth at {s, I). For that we have to check that the lineari- 
sation 

DJ^{u,I) : Q%s*TF%r x T/^j^^i ^ Q\s*TF^)lr, 

of the equation at (s, /) is surjective. Here we write fl\s*TF^)^ the F-invariant sections 
of A°'*TS ®7 s*TF^ (this bundle has an action of F through the representation p). The 
tangent space T/^^ ^1 C T/ J^j, is equal to the subspace of F-invariant elements in 
TiJ'l^. This latter space is the set of C' sections of the bundle End(TF, /, a;) whose 
fibre at X G -F is the space of linear maps Y : T^F — > Tr^F which satisfy 

r/ + /r = and cu(F-, ■) + cj(-, Y ■) = 
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(see p. 34 in ||McDSl|| ). 

We now follow the notation (and the ideas) of the proof of proposition 3.4.1 in 
McDSl|| . We may write the differential 

DJ^is, m, Y) = + W{s) o ds o J, 

where j is the complex structure in S and Dg is a first order differential operator 
whose symbol coincides with that of Cauchy-Riemann operator. Hence Dg is elliptic 
and consequently Fredholm. So if it were not exhaustive there would exist a nonzero 
element r] e n\s''TF^)l, (where l/p + 1/q = 1) such that for any ^ G l]°(s*TF^)^ 
and for any Y G TjJ^^ 



(5.4) 



{ri, DsO =0 s.nd {ri,Y{s) o ds o j) = 0. 



We now invoque theorem 5.1.2| and obtain a disk D G Ti such that 

■ s{D) n s{j:) = h-s{d). 



Using theorem |5.1.3| we deduce that (after possibly shrinking D) all the elements 
in s{D) have stabiliser equal to L. Then t] vanishes on an open subset of D. For 
suppose that ?7(x) ^ 0, where x G -D. One can always find an endomorphism Yq G 
End{Ts(x)F, Is{x), uJs{x))^ such that 



{r]{x),Yo o ds{x) oj{x)) ^ 0, 



smce r\\x) G Ts(x)F^. We extend Yq to ■ s{x) in a 5*^ equivariant way (we can do 
this because Stabsi s{x) = L and we took Yq to be L-invariant) and then we use a S^- 
invariant smooth cutoff function to extend Yq to a small neighbourhood of o s{x). 
It turns out that this can be done in such a way that, being t] F-equi variant, the right 
hand side integral in ( ^.4|) does not vanish. And this is a contradiction. 

Consequently r] vanishes in D. Since it also satisfies the left hand side equation in 
]4D, Aronszajn's theorem 



iij (see theorem 2.1.2 in | McDSl ]) implies that rj vanishes 
identically. So the linearisation DJ-'{s, I) must be exhaustive. This finishes the proof. 

□ 



Now the proof of theorem p.2.1| is resumed as that of theorem ^ or in p. 36 in 



McDSl ]. One uses the Sard-Smale theorem (for that / has to be big enough, depending 



on the index of the linearisation Z)JF, which on its turn is a function of A G H2{F; Z)) 
to prove the existence of a subset (^^>r.p)^.' J^^ of the second category such 

that for any I G (j^-'"'^'^)^'' the moduli space F; A) is smooth. Then a 

trick of Taubes allows to deduce from this, making / — > oo, that there exists a subset 
(^j^L,^,p^A f~ J^^^gi of the second category with the same property, but consisting of 
smooth complex structures and not of C' ones as before. Since the set of homology 
classes A G H2{F; Z) is countable, the intersection 

AeH2iF;Z) 
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is again of the second category. 

To finish the proof, note that the hnearisation of the equations is, modulo a compact 
operator, the Cauchy-Riemann operator. Hence the cohomology groups of the defor- 
mation complex carry natural orientations (because they are complex vector spaces) 
and consequently so does the moduli space (see also section p.3.3| on Kuranishi models). 



□ 

Let us write for simplicity 

A^^'^'^(A) = M^^'^'^i^, F; A) and A^5^'^(A) = A^i;^'''(S, F; A). 
We now define 

= n ^''''^ 

L,r,p 

where the intersection is taken for the triples (L, F, p) such that the moduli M.^/''^{A) 
is nonempty for some A G H2{F; Z). Again, this is a Baire set of the second category. 

Using the same methods as above one can prove the following theorem, which says 
that the moduli spaces A4^'^'''{A) obtained from different complex structures I in ^^^gi 
are smooth oriented cobordant. 

Theorem 5.2.3. Let us fix a triple {L, F, p) and a homology class A G H2{F; Z). Let 
Iq, Ii G ^^gi- There exists a path [0, 1] 3 \ I\ E =A;,5i such that the space 

U M'if'^A) 

A6[0,l] 

is a smooth oriented cobordism between Ai'^f'''{A) and Ai^f'''{A). 



5.3 Dimension of the moduli (case H = CP^) 

In this section we will compute the dimensions of the moduli A^^''"'^(S, F; A) for 
/ G '^^'^gi ■ We will restrict to the case S = CP^ (this will be enough for our purposes, 

since we will use the moduli spaces A^j''"'''(S, F; A) to parametrise bubbles). We will 
also make the assumption that the action of on F is almost free. Recall that this 
means that the action of S*^ on F \ F^ is free and that it implies that the action of 5*^ 
on the normal bundle of F^ C F has weights belonging only to { — 1, 1} (see lemma 



A. 2. 5 in the appendix). 



5.3.1 Preliminaries 

Let us fix a triple (L,F,p). Recall that L is a subset of S^, F is a compact subgroup 
of Aut(CP^) and p : F ^ S^/L is an injection. This latter condition implies that 
F is abelian. Since Aut(CP^) = PSL(2,C), any element in Aut(CP^) which spans a 
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compact subgroup must fix two points of CP^. And since T is abelian, tliere must 
exist two points x+ and X- wliich are fixed by all the elements of F. 

Using one of the fixed points, say x+, we get an injection F S*^ C C* by assigning 
to any 7 G F the induced endomorphism ^(7) G GL(Ta;^CP^). In the sequel we will 
identify F with its image in S^. There are two possibilities. Either F is a finite group 
or F ~ S*^. When F is a finite group, the map l fixes an isomorphism F ~ Z/mZ, and 
when F is infinite l gives an identification with S*^. 

On the other hand, if F 7^ {1} then, for any F-equivariant map s : CP^ F, the 
fixed points x± are mapped by s to the fixed point set F^^ (because the action on 
F \ F^ is free). Let z he a holomorphic coordinate in CP^ centered at x+. Taking 
S'^-equivariant coordinates in a neighbourhood of s{x+) the map s can be written (see 
p. 16 in iMcDSlj ) 



s{z) = az' + Oi\z\'+^), (5.5) 

and the constant a can be identified with an element of Ts[x+)F. We call / the index 
of s at x+. Let T^^F (resp. T^^F, T^^Z) be the subspace of T^^F spanned by vectors 
of weight 1 (resp. 0, —1) under the action of S^. Since there are no more weights, a 
must lie in T^FU T^^F U Tj^P (otherwise it would not be invariant under the action 
of F). Using (|5.5|) we may write for any ^ G F and z near x+ 

s{ez) = p{e) ■ s{z) = e^s{z) 

modulo Od^;!'"*"^). The • in the second term refers to the action of on T^^F. From 
this we deduce the following 

• a cannot belong to T^^F, 

• if a G Pf^P then p{e) = 9\ 

• iiaeT^^F then p{e) = O'K 

In fact, after possibly composing s with the holomorphic map r : CP^ CP^ defined 
r{[x : y]) = [y : x] in coordinates for which x+ = [0 : 1] and x_ = [1 : 0], we may 
assume that a G T^^F . Hence p{9) = 9^ for any 6' G F, where / is a positive integer. If 
F = S"^, then / must be 1, and if F = Z/mZ then / and m must be coprime and the 
representation p only depends on the class of / modulo m. 

In the sequel we will write Ai^'^'\A) instead of A^j'^'''(S, P; A). When F = 1 we 
will write M.^{A) and when L = F = 1 we will write M.i{A). 

5.3.2 The deformation complex 

Let A G H2{F; Z) be any cohomology class, take a complex structure / G -^^"^Ji, and 
let s G A4^'^'\A). The deformation complex of the moduli at s is 

Pr : n°(s*TF^)^ QHs*TF^)^, 
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where is equal to the Cauchy-Riemann operator modulo a compact operator (see 
p. 28 in ||McDSl| ]). Since / G ^^'^fi, this operator is exhaustive and consequently the 



dimension of ^^^'^''(^4) at s is equal to dim(KerDf). To compute this dimension we 
consider the natural extension of 

Ds : n^{s*TF^) n\s*TF^) (5.6) 

(this is the deformation complex of the moduli of holomorphic curves in F^). The 
operator Dg is F-equivariant, and hence acts on the cohomology groups HI of the 
complex. We have Kei = (Hg)^ and CokerDf = (Hl)^ = 0. So the complex 
dimension at s is equal to 

dimcT,A^^'^''(A) = dim(i7°)^ - dim{Hl)^ . (5.7) 

This dimension can be computed putting instead of any Dolbeaut operator on 
s*TF^, since they have the same symbol. Because the action of on F is almost- 
free, we need only distinguish these possibilities. 

Case 1. L = S^, T = {1}. Let F^^ = Fi U ■ ■ ■ U -F^, be the connected components of 
the fixed point set. Suppose that A G i^2(-ffc;Z) C H2{F;Z). Then by Riemann-Roch 
the moduli space has dimension 

dime Mf (A) = {ci{TFk),A) + dime Fk. 

Case 2. L = {1}, F 7^ {!}. As we said in the preceeding section, there exist two 
fixed points x± G CP^ of the action of F. Since the map s is F-equivariant, we have a 
natural lift of the action p of F on CP^ to E = s*TF CP^. Let us write it 

7 : F ^ Aut(E), 

where Aut(£') denotes the automorphisms of E as vector bundle. The map 7 induces 
representations 7± of F on the fibres E^^ over x±. The weights of this representation 
are I times the weights of the representation of on TFs[x±)- Since the action of 
is almost-free, the weights of 5*^ acting on TFs(^x±) belong to {—1,0, 1}. Let P± (resp. 
Z±, N±) be the number of weights of the representation 7-1- which are equal to 1 (resp. 
0, —1). Using the Riemann-Roch theorem and the Atiyah-Bott fixed point formula 
one can compute the dimension ( |5.7| ) in terms of P±, Z^, N± and /. Let us write the 
dimension 

Ind^(P) = dim(i/°(E))^ - dim{H\E)f. 

We will compute the dimensions Ind^(£') in the next two sections. The results obtained 
may be summarized in the following two theorems, which correspond respectively to 
theorems 5.4.1 and [5.5.1 . 



Theorem 5.3.1. Suppose that F = S^ . The degree of E is deg{E) = P+ + — P_ 
and the index is 

Ind^(P) = iP+ + Z+) + {N_ + Z_)- rk(P). 
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Theorem 5.3.2. Suppose that T = Z/mZ and take I' = I + km, A; G Z, such that 
1 < /' < m — 1. Then 

IndJE) = —{deg(E) +mik{E) - m(P_ + A^+) + l'{P_ + N+ - P+ - N_)). 
m 



Note that corollary |A.2.7| in the appendix implies that 

P+ + N+ + P^ + N^> 2. (5.8) 

From these theorems we deduce the following result. 

Theorem 5.3.3. Let I G -^J'fi- If F is positive with respect to the complex structure 
I then for any T ^ {1} and I 

dimcT,Mf'\A) < dimcTsMM) - 2. 



Proof. Let V ^ {1} and let s G MY\^)- Let us write E = s*TF. Since 
/ G ^^gi the moduli spaces My'\A) and Mi{A) are smooth, and their dimensions 
are equal to their virtual dimensions. Hence, what we have to prove is \n.d^{E) < 
Ind(£') = deg(_E') + rk(_E'). Note that, since F is positive, we have by definition 
deg{E) = deg{s*TF) > 1. 

Suppose that F = 5^. In this case we have to prove that 

(P+ + Z+) + (iV_ + Z_) - Tk{E) < deg{E) + Tk{E) - 2. 

Writing 2 Tk{E) = P+ + + Z+ + P- + + the inequality gets transformed into 
2 < deg{E) + {N^ + -P-)- Now, summing the inequalities (|5l8| ) and deg{E) > 1 (and 
using deg{E) = P+ + N_ - P_ - N+) we obtain 3/2 < deg{E) + {N+ + P_). This 
implies our inequality because deg{E) + (A^+ + P_) is an integer. 



Now suppose that F = Z/mZ. Let /' be as in theorem ^.3.2| , so that 1 < /' < m — 1. 
Since the indices Ind^(£^) and lnd{E) are integers, it is enough for our purposes to 
prove 

Ind^{E) < deg{E) + Tk{E) - (1 + 1/m). 

Writing the value of Ind^(i?) given by theorem p.3.2| , multiplying by m and simplifying 
we arrive at the (equivalent) inequahty 

m + 1 < (m - 1) deg{E) + (m - l'){P^ + N+) + /'(P+ + iV_), 

which is a consequence of ( p.8[ ) and deg(-E') > 1, taking into account that m — V > 1 
and V >l. □ 
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5.3.3 Comments on the case F ^ {1} 

When r = Z/mZ C the topological space F/T has the structure of an orbifold, and 
u together with any / G J^a;,5i provide F/T with the structure of an almost Kaehler 
orbifold. The curves s : CP^ ^ F for which H{s) = T give multicovered curves when 
composed with the projection F F/T. This explains why they give problems when 
trying to obtain smooth moduli for invariant complex structures. 

One can interpret the curves in My ' (A) in the following terms. Lets G Mf ' (A), 
and take coordinates [x : y\ on CP^ for which x+ = [1 : 0] and x_ = [0 : 1]. Then the ac- 
tion of on CP^ is given by multiplication of the second coordinate: 6\a : h] = [a : Oh]. 

Let C be the cilinder M x 5*^. Consider the embedding l : C ^ CP^ which maps 
(t, a) to [1 : e*a]. This is a conformal map, so that s o t : C ^ F is holomorphic. 
Furthermore, s o t is S*^ equivariant with respect to the action on M x S*^ given by 
multiplication on the second factor. 

Let (resp. be the vector field generated by the infinitesimal action of 

i G Lie(S'^) on C (resp. on F). By equivariance we have 

rf(soi)jr^ = (5.9) 

Let Ic (resp. Ip) denote the complex structure on C (resp. on F). The lines 

= M X {«} C C 

are integral curves of the field —Ic^'"- Hence, by ( pTP] ) and holomorphicity, (s o 
are integral lines of —Ip^^- But the field —Ip^^ is the gradient of the function 



/ = ;u(i) with respect to the metric g = uj{-, Ip-) (see lemma p.l.2|) . So for any a E 



the curve (s o i)!^ is a line of steepest descent joining the critical points s(x+) and 
s(a;_). Furthermore, the energy of s is 

E{s) = 2n [ |7:.(t)prft = 27r|/x(i)(s(x+))-Mi)(^(^-))l, 



where 7a(t) = (s o t)(t, a). Assigning to any s G M]'^ '^(^) the path 71 we get the 
following result. 

Proposition 5.3.4. Let P+, P_ be two connected components of the fixed point set of 
the action on F. There is a one to one correspondence between holomorphic 
equivariant maps s : CP^ F with s{x±) G F± and lines of steepest descent of fi from 
P+ to F_ with respect to g = uj{-,L). Furthermore, all these maps have energy 

27r|^(i)(s(x+)) -/i(i)(s(x_))|. 

Let us take now two connected components P+ and F^ of the fixed point set F^^ . 
Let Z± = dimP±. Consider the gradient flow 0* : P ^ P of the function /, which is 
defined by 0° = Id and ^0* = V/. Let W+ be the stable set of P+ 

1^+ = {x G P I lim 0*(x) G P+} 

+00 
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and W- the unstable set of F_ 

W_ = {x e F \ lim (f)\x) G 

t— >— oo 

The sets W± are locally closed and their dimensions are dimVF+ = + P+ and 
Vr_ = Z_ + A^_, where P+ (resp. A^_) is number of positive (resp. negative) weights 
of the action of on the normal bundle of F+ (resp. F^). The union of the lines of 
steepest descent connecting and F_ is W+ flVT-. It is well known that for a generic 
metric the resulting (un) stable sets intersect transversely, and hence the dimension of 
their intersection is 

dim W+nW^ = dim{W+) + dim(iy_) - dim(F) = Z+ + P+ + Z_ + iV_ - dim(F). 



This number coincides with the dimension of Ai^'^ given in theorem p. 3.1 . In 
fact, if / G and we take the metric g = uj{-,-I), then the (un)stable sets W± 

intersect transversely. Moreover, this metric is S^-invariant. 

As a final comment, we recall that the function / = is an equivariantly perfect 
Morse function (see for example |[Ki|| ) . It seems interesting to pursue these ideas relating 
lines of steepest descent and S'^-invariant holomorphic curves. 



5.4 Index computations: S actions 

Let us identify the projective line CP^ with the sphere S'^ and consider the standard 
embedding S"^ — > M'^. Define the morphism 

p: ^ Aut(CP^) 

by sending any 6^ G S*^ to the rotation of angle 9 and axis x = y = 0. Let x+ = (0, 0, 1) 
and x_ = (0,0, —1) be the north and south pole. These are the fixed points of the 
action p. 

Let E CP^ be a holomorphic vector bundle. Suppose that there is a lift 

a:S^^ Aut(E) 

of the action p (Aut(£') is defined to be the automorphisms of E which are linear on 
fibres). Then there is an induced action of on H^{E) and H^{E). Let us write 

Ind^(E) = dimi7°(P)^' - dim H\Ef\ 

On the other hand, since x± are kept fixed by the action of p, the morphism a induces 
an action of on the fibres over x±. Hence we have two representations 

where E^ denotes the fibre over x G CP^. 

In this section we will compute IndQ,(-E) in terms of the degree and rank of E and 
the weights of the representations a±. Our tool will be Grothendieck theorem on vector 
bundles over the projective line. We will prove the following 
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Theorem 5.4.1. Let P± (resp. Z±, N±) be the number of strictly positive (resp. zero, 
strictly negative) weights in the representation a±. Then deg(£') = P+ + iV_ — P — 
and 

Ind„(E) = (P+ + Z+) + (Ar„ + Z_) - rk(E). 



5.4.1 Preliminaries 

In this subsection we define some natural actions of on i^{k) CP^ wliicli lift the 
composition of p with the map m2 : 3 6 ^-^ 6"^ & . For this action we will be able 
to completely determine the S'^-module structure of if*((^(A;)). 

5.4.1.1 What follows is probably the most simple case of Borel-Weil theorem. Define 

^ = {(o O^^"^^''^^}- 

This is a Borel subgroup of SL(2,C), and the corresponding homogeneous space is 
isomorphic to the projective line: 

~ SL(2,C)/B. (5.10) 

Define also the nilpotent subgroups 

^+ = {(o i)eSL(2,C)| andiV_ = |(^J J^gSL(2,C)|. 

The principal C*-bundle P associated to the tautological line bundle ^(—1) — > CP^ 
is also isomorphic to a homogeneous space: 

P^SL(2,C)/Ar+. (5.11) 

Using the isomorphism (|5.10|) we get a left action of SL(2,C) on CP^. This action 
admits a canonical lift to P (and hence to <ff{—l)) thanks to isomorphism ( ^.11|) . 
Tensoring we get canonical lifts to any bundle of the form ff{k),k^'Ij. 

5.4.1.2 Let us fix from now on an integer /c G Z, and let Lk = ^{k). The coho- 
mology groups H^{Lk) and H^{Lk) are acted on linearly by SL(2,C). They are in 
fact irreducible representations. One can prove this as follows. Take the subgroup of 
diagonal matrices 

T={(; »)eSL(2.C)} 

as a maximal torus of SL(2,C). Suppose for example that the representation if°(Lfc) 
is not irreducible. Then there are two linearly independent elements Vi,V2 G H^{Lk) 
of maximal weight. Since they are elements of maximal weight, Vi and V2 are invariant 
under the action of the nilpotent subgroup N^. The action of on CP^ has orbits 
which are Zariski dense. But the ratio fi/f2 must be constant along any such orbit, 
and since Vi and V2 are holomorphic, by density the ratio must be the same everywhere. 
Hence vi and V2 are not linearly independent. 
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5.4.1.3 Consider the inclusion t : S"^ — > T defined as 

- ( r. 

Let p2 (resp. r^) be the composition of l with the restriction to T of the canonical 
action of SL(2,C) on CP^ (resp. L^). The dimensions of the representations W{Lk) 
are 

d\mH^[Lk) = max{0, k + 1} and dim H^i^Lk) = max{0, —k — 1}. 

An irreducible representation of SL(2, C) of dimension n splits as a representation of T 
into a sum of n one-dimensional representations of weights {n, n — 2, . . . , —n + 2, —n} 
(see for example |F^). Thus we obtain a description of the action of on H^^L^) 
for any i and k. For example, the weights of acting on H^{Lk) for A; > are 
{k, k — 2, . . . , —k + 2, —k}. From this we deduce the following formula 

1 if /c is even and A; > 
lndr^.{Lk) = ^ —1 if is even and k < —2 (5.12) 
otherwise. 

Note that if m2 : ^ sends 6 to 6"^, then p2 = poTn2. In fact, the action descends 
to a lift of p only when k is even. Indeed, if it descends then Tk{— Id) = Id, so that the 
representation of SL(2,C) on W\Lk) descends to a representation of PSL(2,C). But 
all the weights of the representations of PSL(2, C) are even, so by the classification of 
representations of SL(2, C) k has to be even. 

Finally observe that restricting r/c to the fixed points x± of p we get representations 
(rfc)± : Glj{{Lk)x±)- In fact, if we write A : 5^ ^ C* the standard inclusion, then 

(rfc)± = (5.13) 



5.4.2 Proof of theorem |5.4.1 



Using Grothendieck theorem we may decompose 

n 

E = Efc, where ^fc = ^(A^). (5.14) 



k=l Tk 



We sort the summands so that Ai < A2 < ■ ■ ■ < A„. By means of the splitting ( ^.14|) 



we may use the maps Tk : ^ Aut(^(A;)) defined in the previous subsection to define 
a lift T : Aut{E) of p2- Let 02 = a o 1712. This is another lift of p2- Note that we 

have 

Ind„(E) = lnda.^{E) 
and the weights of the representations (02 )± are twice the weights of a±. 
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5.4.2.1 We define a map A : ^ H^{EndE) as A = o ag- Note that this 
need not be a morphism of groups, since r and a do not necessarily commute. Since 
H^{i?'{k)) = for k < 0, the map A takes the following form in terms of the splitting 
E = ^ Ek (we will have this splitting in mind in all the matrices which we will write 
in the sequel) 

/ Ai * ... * \ 
A2 ... * 



A 



V 



A„ / 



Furthermore (since H^{iff) = C), Ak{6) is a constant matrix for any k and 6 & S^. 
Now let c(t) be the diagonal matrix diag(l, t, t^, . . . , t"). Then the representations 
al = c{t^^)a2c(t) converge as t — >■ to a diagonal representation 02 = diag(Ai, . . . , An) 
with constant terms. Then A' = o a'2 is equal to diag(Ai, A2, . . . , A„). By the 
deformation invariance of the (equivariant) index, we have 



Ind„,(E) 



So we will compute the right hand side. Observe also that the weights of the represen- 
tations (a2)± are the same as those of {0^2) ±- 



5.4.2.2 The representations (02)+ ^+ commute, and hence A' is really a mor- 
phism of groups. So we may diagonalise each block A^ and deduce the result from the 
case Tk{E) = 1. Let 

be the weights of the representations A^. Using formula (|5.13|) we deduce that the 
weights of the representation {Ak)± are 

(2al'\ . . . , 2a'/') = {w''' ± A^, . . . , w''^" ± A,). 

Observe that, since a2 = a o 1712, the weights of a± are a/ . This proves the equality 
deg(£') = P+ -f- N_ — P_ — iV_|_, since we obviously have deg{E) = ^ r^Xk- 



5.4.2.3 We prove now the formula giving lnda{E). Let us work out the case Tk{E) = 
1. Suppose that E = ff{k). The weight of (a2)± is 2a± = w±k, where w is the weight 
of A. So w and k have the same parity. Hence 

1 if A; > and \w\ < \k\ 
Ind^^iLk) = { -1 if < -2 and |w| < I -A;-2| (5.15) 
otherwise. 

Using the formulae k = — a_ and w = + a_ we may rewrite the above conditions 
as 

1 if a+ > and a_ < 
lnda^{Lk) = { -1 if a+ < -1 and a_ > 1 (5.16) 
otherwise. 
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5.4.2.4 In the general case, let {a\, . . . , a^} be the weights of the representations 
a±. Suppose that after writing E as sum of line bundles and diagonalising the action 
of the two weights a'l and correspond to the same line bundle. Then 



Ind„(E) = Ind«^(E) = ^{k\ al > 0, < 0} - ^{k\ < -1, at > 1} 
= min(P+ + Z+, + - min(A^+, P_) 
= Tk{E) + min(-iV+, -P_) - min(A^+, P_) 
= Tk{E) - max(iV+, P_) - min(A^+, P_) 
= ik{E) - (iV+ + P_) 
= (P+ + Z+) + (iV_ + Z_)-rk(E), 



which is what we wanted to prove (here we have used several times that Tk{E) = 
P+ + Z+ + N+ = P^ + Z^ + N^). 

5.5 Index computations: Z/mZ actions 

Let us fix a natural number m > 2. Let Lm '■ Z/mZ be the morphism which 

sends 1 to e^^^^"^. Let E CP^ be a holomorphic vector bundle and suppose that 
there is an action (3 : Z/mZ —>■ Aut{E) which lifts pm = P ° t'm (we keep the notation 
of the preceeding section). We then get an induced action of Z/mZ on W{E) and, 
just as before, our aim is to relate 



to the weights of the representations (3± : Z/mZ GL{Ex^). 

Note that whereas the character ring of 5*^ is Z, that of the group Z/mZ is iso- 
morphic to Z/mZ. However, in this section we will take the extra assumption that 
the weights of the representations /3± belong to {— /, 0, /} G Z/mZ, for m \l. We will 
prove the following 

Theorem 5.5.1. Let P± (resp. Z±, N±) be the number of weights of (3± which are I 
(resp. 0, —I). Take a representative /' G Z of I such that 1 < /' < m — 1. Then 



lndp{E) = dim H°{E) 



Ti/mZ, 



dim H\E) 



TLIrriL 



l^dfiiE) = — (deg(E) + mrk(E) - m(P_ + N+) + /'(P_ + iV+ - P+ - A^_)). 



5.5.1 Proof of theorem |b.b.l 



We may write 
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where Ti{(3{k),H^{E)) denotes the trace of I3{k) acting on H'^E). The index Ind(£') 
is equal to deg(i?) + ik{E) by Riemann-Roch. We will compute the value of 

Ti{m.H\E))-Tv{m.H\E)) 

for 1 < k < m — 1 using Atiyah-Bott fixed point theorem (see [ BeGeVf ). 



Theorem 5.5.2 (Atiyah-Bott). Let M he a compact complex manifold and W ^ M 
a holomorphic vector bundle. Let j : M ^ M be a complex diffeomorphism which lifts 
to 'J : W ^ W . Suppose that the fixed points of 'j are isolated. Then 

Y,(-i)'TH-,,H'(w))^ Y: a --,-) ■ 

where H''{W) is the i-th Dolbeaut cohomology group and •y^ : W^q — > W^q is the linear 
endomorphism of the fibres over the fixed points induced by 7. 

In our case we have for any l</c<m — la complex diffeomorphism Pm{k) € 
Aut(CP^) whose fixed points are x±. Let 9 = exp(27ri/m). We then have 

Let N = Tk{E) and let 6^, . . . , 6^ G Z/mZ be the weights of /3±. Then 

N 

i=i 



So using theorem |5.5.2| we conclude that 

^ ( abLk nb^ k 



Ind 



(^) = - deg(E) + ME) + E E + 1^ • (5.17) 



k=i j=i 



Lemma 5.5.3. Let 9 = exp(27ri/m). Then for 1 < w < m — 1 

m—l ^ m— 1 



l_0k 1 _ 6 

k=l k=l 

Qwk Q—wk ^ -j^ 



m — l 
~ ~ 2 



5Z 1 _ ^fc y, l_Q-k 
k=l k=l 



+ W-1. 



Proof. Let f{x) = U7=iix - ^^)- We have f{x) = 1 + a; + ■ ■ ■ + x"^-^ and 

m—l 



1 /'(I) m(m -l)/2 m-1 



,=1- 0' /(I) 
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In general, for any 1 < w < m — 1 



rra— 1 



m— 1 



k=l 



1-9^ 



+ 



k=l 

m — 1 



i-e^ ■ 1 
1, 



m—1 



Y.-i^+o" + ■■■ + 



(w—l)k\ 



+ 



m 



k=l 



w 



since, for any w E Z, Ylk=i is m — 1 if m | w and —1 otherwise. 
Now, combining the above lemma with ( ^.ITp we get 



Ind«(E) = — (deg(E) +mrk(E) - m(P_ 
m 

which is what we wanted to prove. 



l'(P_ + N+-P+-N_)), 



□ 



Remark 5.5.4. // the weights of the representations a± induced by an action a : 
Aut(£') which lifts p belong to { — 1,0,1}, then theorem \5.4.^ may be deduced 
from theorem |5. 5. 1 by taking subgroups of the form ZjT'Z C and making r ^ oo. 



It would be interesting to give a proof of theorem [5.5. 1| in the lines of the proof of 
theorem ^.4.1 , using only Grothendieck's theorem. 
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Chapter 6 

The invariants $ and $ 



In this chapter the Lie group K will be S and its action on F will be assumed to be 
almost-free. We will explain how to define invariants of the symplectic manifold F and 
the Hamiltonian action of by means of the moduli of THCs. All the (co)homology 
groups appearing in this chapter will be with coefficients in Z. 



6.0.2 The invariant $ 

To define this invariant we will use the extended moduli space M . Let E X he a. 
principal bundle, the space of connections on E, and ^ = Map(X, 5*^) the gauge 
group of E. As before, = {g : X ^ \ g{xo) = 1} C ^, where Xq G X. Let 
r = Exsi F. We will write y = r(J^), S^* = r(J^) \r(J^)^ and = {s/ x 

The group acts freely on^xE^^/xX (by that we mean that it acts 
freely both on the base x X and on the total space x E in a way compatible 
with the fibration) with the diagonal actions (the action on X is the trivial one). Let 
Ej = (^ X E) 1% ^ £^ /%x Xhe the quotient and J^^^ = Ej X51 F = (^/ x J^) /%. 
Let us consider the map evj : ^ x y*xX — > £/ xjF which sends {A, $, x) to {A, $(a;)). 
This map is equivariant, so it descends to give a map 

evj-.^oxX-^ J^^-', 

which we will call the evaluation map. 

We have a map p^^ : H*i{F) H*{J^^J) defined as follows. Let (f) : Ej ^ ES^ be 
any 5*^ equivariant map (so that is a lift of the classifying map j'^^x X ^ BS^ 
of the bundle Ej). This induces a map ip : JF'^-' — > Fgi, and p^^ is the morphism 
in CO homology induced hj ip. In lemma |A.4.2| in the appendix we prove that p^^ is 



independent of the choice of 0. Let then p, : Hgi{F) H*{l^J§o), i = 0,2, be the maps 
defined as 

P2(5) := ev}p^//[X] and po(5) := ev} p;^//[pt], 

where S G Hgi{F), and [X] G H2{X) (resp. [pt] G Ho{X)) is the fundamental class of 
X (resp. the class of a point). Let finally 

u : H* {£//%) H*{^o) 
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be the map induced by the projection ^ 

Let us take a homology class B G H^iFgx) such that TCp^B = 1]{E), where ttf : 
Fsi —>■ BS^ is the projection and where rj is the map of lemma [A.3.2| in the appendix. 



Let c e iM \ Co, / e J^^,5i and a G J:f^{E). Then the extended moduh of a-THCs 

^^ = ^^ff{B,c)c^o 

is a smooth and oriented manifold. Let us assume for the moment that there exists a 
fundamental class [M] G //top (A/"). In this case we define, for cohomology classes 

ai,...,ap,pi,...,Pge H*,{F) and e H*{.i/ /%), 



the Hamiltonian Gromov-Witten invariant to be 



= (/i2(ai) U ■ ■ ■ U /i2(ap) U /io(/3i) U • ■ ■ U /io(/3g) U z/(7), [AT])- 



Assuming that the cobordisms given by theorem p. 5.1 also support fundamental 



classes, one could prove that the invariant $ only depends on the positive deformation 
class of the symplectic form of F, of the action of S^, and of the connected component 
of iM \ Co on which c lies. Hence, it is independent of the perturbation cr and of the 
invariant and compatible complex structure /. 

If the extended moduli space A/" is compact and so are the cobordisms between the 
moduli arising from different perturbations and complex structure, then the fundamen- 
tal classes needed above do exist automatically. However, most of the time the moduli 
space A/" will be noncompact, and we shall need the results in chapter ^. Furthermore, 
the compactification of A^ obtained by adding cusp THCs given by theorem ^4.4.2| does 



not have a priori so good a structure to necessarily carry a fundamental class. It will 
be a stratified space with strata admitting (for generic complex structure) a ramified 
covering by smooth manifolds, and the only thing we will be able to prove is that 
the extra strata in the compactification will have codimension at least 2 when F is a 
positive manifold and a certain conditions are satisfied by the fixed point data. In this 
situation we will be able to define the Hamiltonian Gromov-Witten invariants. 

There are some cases where one can be sure that there is a fundamental class [Af]. 
For example, if there is a complex structure / G J^a;,5i on F for which there are no 
rational curves, then for any complex structure I G '^^'^gi near I the moduli A/} is 
automatically compact. Indeed, by theorem [4.4.2| the only cause of noncompactness 



is the appearance of bubbles, which are rational curves. Furthermore, the energy the 
bubbles is bounded above by the Yang-Mills-Higgs functional. Finally, the property 
of having no rational curve of bounded energy is open in thanks to Gromov com- 



pactness. (See remark |6.1.6| .) Hence in this situation the above definition of the mixed 



Hamiltonian Gromow-Witten invariants makes perfect sense. 
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6.0.3 The invariant $ 

To define this other invariant we will used the moduh space A4. Following the notation 

above, let ^ = (=c/ x y*)/'^. The gauge group 5f acts freely on ^ x y* x E ~^ 
£/xy*xX. Let E ^ ^ X X be the quotient and J^^ = E X51 F = x x J^)/^. 

Let ev : X y* x X ^ £/ x ,y* x JF be the universal section, defined as 
ev{A,^,x) = (A, $, $(a;)). The section ev is ^ equivariant, so it descends to give 
a section 

ev : ^ X X ^ JT^. 

Just as before we have a map : if^i(F) H*{T^) and we define /Jj : H*gi{F) 
H*{^), i = 0,2, as 

Jl^iS) :^ev* (^S/[X] and ]Io{5) -.^ ev* p^5/[pt], 

where 5 e Hgi{F) and [X] e H2{X) (resp. [pt] G Hq{X)) is the fundamental class of 
X (resp. the class of a point). Finally, let 

V : H*{s^/'^) = H*{.<^/%) H*{^) 

be the map induced by the projection ^ /^. 

Let us take B G H^iFg^) such that 'Kp^B = fjiE), c G iM \ Cq, / G J^oj,s^ and 
a G E^^s(E). Then 

M^Mjf{B,c) 

is a smooth oriented manifold. Let us suppose as before that there is a fundamental 
class [M\ G Hio^{M.). In this situation we define, for cohomology classes 

ap, A, . . . , G H*s, (F) and 7 G H*{^/^), 
the Hamiltonian Gromov-Witten invariant ^b\: ^e 

*B,'c I /?!,..., /?g I 7) 

= (7l2(ai) U ■ ■ ■ U Map) U 7^o(/3i) U • • • U 7Io(/5,) U 77(7), [A^]). 

As before, if the cobordisms between the moduli spaces /A obtained from different 
choices of / and a have fundamental classes, then the numbers $ are invariant. Here 
the same comments as in the preceeding subsection are valid: our assumptions on 
existence of fundamental classes will be satisfied when Ai is compact, but when we 
need to compactify M., then we will have to study the added strata. 

6.1 Conditions 

In some part of this work we have made several assumptions on F and the action of 
S^. In order to give a perfect sense to our invariants we will need to add still some 
extra conditions on the fixed point set and on the complex structure of F. We state 
here all these conditions. The first one has been assumed several times before, and the 
next three are new. 
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Condition 6.1.1. F is a compact symplectic manifold. The Hamiltonian action of S 
on F is almost free. As a consequence, the action on the complementary F \ F^ of 
the fixed point set is free. 

This condition is equivalent to all Marsden-Weinstein quotients at regular values 
of the moment map /i being smooth. That is, if we do not assume that the action is 
almost free then there are quotients which are orbifolds. 

There are two cases in which we can define the invariants. 



6.1.0.1 First case 

In the first situation there is simply no bubbling, and this happens if the following 
condition is satisfied. 

Condition 6.1.2. The symplectic form uo vanishes on the set of spherical homology 
classes in H2{F; Z) (these are the classes which belong to the image of the map 'K2{F) 
H2{F-Z)). 

When there is no bubbling the extended moduli spaces is automatically compact 
and hence there is fundamental class in the homology of the moduli spaces A/", M.. 
Therefore, we can define the invariants as in the introduction. 



6.1.0.2 Second case 

If we allow bubbling to occur, we need to control the strata added to the moduli 
spaces M and M. in theorem [4.4.2| . The following three conditions will be assumed 
in the sequel, and they will be used when proving that these strata have codimension 
greater than two. 

Condition 6.1.3. {F,I) has to he positive. This means that for any I -holomorphic 
map s : CP"*^ — > F the pullback s*TF has positive degree 

deg{s*TF) > 0. 



This condition is fulfilled for example when F is a Fano manifold, that is, when 
the anticanonical bundle A^°^TF is ample. This means that there exists and integer 
k > such that {A^°^TF)^ is very ample. In this case, for any /-holomorphic map 
s : CP^ F and different points x,y e CP^ there is a section a G iJ°((A*°PrF)'^') 
which vanishes on s{x) but not on s{y). So the restriction s*a is a nonzero holomorphic 
section of s*(A*°pTF)^. Hence, this bundle has positive degree, and consequently the 
same happens to A^"^TF. As examples of Fano manifolds we have the projective spaces 
CP" and any hypersurface of CP" of degree < n. 

Condition 6.1.4. For any connected component Fq of the fixed point set P'^^ and any 
I -holomorphic s : CP^ — >• Pq, 



deg(s*TPo) < deg(s*TP). 
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Condition 6.1.5. All the connected components Fq of the fixed point set F^ have 
complex codimension at most 3. 

Remark 6.1.6. Due to our need of taking generic complex structures I to get smooth 
strata in the compactification of Mi, it is desirable to know whether conditions \6.1.di 



and 6.1.4 are deformation invariant with respect to the complex structure on F . The 
answer is no. However, something weaker hut still enough for our purposes is true. 
Suppose we restrict our atention in conditions \6. 1.31 cind \6.1.^ to maps s : CP^ ^ F of 
hounded energy K > 0. Then the resulting conditions are open in J^t^^^i (this follows 
from Gromov compactness theorem, see lemma 5.1.2 in lMcDSl\l ). On the other hand. 



in the compactifications of J\fi fj{B,c) and M.i^„{B,c) the energy of huhhles is hounded 
above hy the value of yAiHc on any pair (v4, $) G J^I,o-{B,c) (which only depends 
on B and on\(j\co). So if the conditions are fulfilled hy a complex structure Jq G ^uj,s'^ 
then the invariants obtained from Mi ^a{B ^ c) and Aii^(j{B, c) will he well defined for any 
complex structure I near enough Iq (how near it must he depends on B & H2{Fsi) ). 

In particular, if F is a Fano manifold, then condition \6.1.3[ can he granted. 

Example 6.1.7. Consider the action of S^ on CP^ such that an element A G 5*^ maps 
[xq : Xi : X2 : x^ : X4] to [\xq : \xi : X2 : X3 : Xi\ . The connected components of the 
fixed point locus are the following suhspaces 

Fl = {X2 = X3 = X4 = 0}, 

F2 = {xo = xi = 0}. 

This action is almost free, the projective space CP^ is a Fano manifold and condition 
\6.1.4 is easily seen to he satisfied (considering the standard complex structure on £,P^). 
Finally, the codimension condition \6.1.3^ also holds. Hence the invariants are well 
defined in this case. 

Of course, if we consider tlie product of CP^ by any compact positive symplectic 
manifold M and take the diagonal action of S^ (with the trivial action on M) then 
we get a symplectic manifold with a Hamiltonian action of 5*^ which also satisfies the 
conditions. 



6.2 Moduli of cusp cr-THCs 
6.2.1 Evaluation maps are submersions 



In this subsection we will generalise the result in section 6.1 of | |lVlcDSl[| for curves in 
M^'^'P{A), where A G H2{F; Z). For any x G CP^ we have an evaluation map 



ev. : M.. 



{A) 



which sends any s G Mi,^ to ev^(s) = s{x). When F = 1 theorem 6.1.1 in [[IVlcDSl 



says that the map ev^ is a submersion. When F 7^ 1 this need not hold any longer. In 
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fact, we must distinguish two possibilities. If x x±, then the map ev^, : Aiy ^ F is 
a submersion, and if x = x± then the evaluation map ev^. takes values in and the 
map eVa, : Ai ^ F^ is a submersion. We state this in the following lemma. 

Lemma 6.2.1. Suppose that T ^ S^. Given I G o curve s G Ai^'^'''{A) and a 

point X E CP'^ different from x± (resp. equal to x±) — note that the second condition 
only makes sense when T ^ 1 — there exists 5 > such that for any v G Ts[x)F^ (resp. 
for any v G Ts(^x)F^^ ) and every < p < r < 6 there exists a smooth T-equivariant 
vector field G Df'{s*TF^Y ^'^^ ^'^ infinitesimal variation of almost complex structure 
Y G Tjc^i^ s^ (see proposition \5. 2. such that the following holds 

i) DsC, + ^y{s) o ds o j = (that is, the pair belongs to T(^s,i)-M,y), 

a) ^{x) = V and 

Hi) ^ is supported in T o Bs{x) and Y is supported in and arbitrarily small neigh- 
bourhood of s(T ■ {Br{x) \ Bp{x)). 



Proof. Since the proof is almost the same as that of lemma 6.1.2 in [[McDSl|| , 
we will just give a sketch and mention the differences. The first thing to do is to 
find a local solution of = in Bs{x) satisfying ^0(2;) = v. This is done by 
solving a boundary value problem (see proposition 4.1 in ||McD|| and the references 
therein). Then one multiplies ^ by a cutoff function with support in a neighbourhood 
of Br{x)\Bp{x) to extend ^0 to a section of s*TF^. One then averages ^0 by the action 
of r and obtains a section ^ G fl^{s*TF^)^ . Finally, one must modify / by a suitable 
infinitesimal Y G TjJ^^^ s^ so that is satisfied (in order to take Y F-equivariant one 
needs to be careful with the fixed point locus of the action of S^; this may be done using 
theorem |5.1.3| , as was done in the proof of proposition |5.2.2| ). This Y can be taken 
fulfilling property Hi), repeating the argument in ||McDSl|| but taking into account 
F-equivariance. □ 

When F = S*^ the result is even easier. As before, we distinguish two possibilities. 
If X = x± then the same result as above holds. When x = x±, then it can be improved 
in the following sense. The perturbation Y of the complex structure may be chosen 
with support in a neighbourhood of S^ -XaHS^ -Xb, where d{x+, S^-Xa) < d{x+, S^-x) < 

d{x-^,S^ ■ Xb). This is a straightforward consequence of the interpretation of J^]'^ 
in terms of lines of steepest descent of the moment map with respect to the metric 
uj{-,I-) (see subsection p. 3. 31 ). 



Definition 6.2.2. We will say that a point x 
tuple {L, F, p) if either L = S^ or F 7^ 1 and x 



G CP'^ is critical with respect to the 
= x±. 



6.2.2 Framings 

6.2.2.1 Let g G N and fix points yi,...,yq G X. We will call these points the 
marked points. Recall that we denote cusps THCs with tuples of the form [E, X^, A, c) 
(see definition |4.4.1| ). For any bubble C X^ the image ^k{Xk) C is contained in 



a unique fibre. Let Xk E X he the base point corresponding to this fibre. 
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The gauge groups and ^ act on the set of cusp curves. On the other hand, 
any bubble Xk has a reparameterisation group Ak. This is the subset of Aut(Xfc) = 
PSL(2;C) given by automorphisms with keep fixed the intersections of with the 
other irreducible components of X^. We call moduli of cusp curves (resp. extended 
moduli of cusp curves) the set of orbits of the action of 5f (resp. ^o) and the 
reparameterisation groups of the bubbles. 



6.2.2.2 The maps $fc in a cusp curve may be multicovered. This means that $fc 
factors as $^ o r^, where : CP^ CP^ is a ramified covering. If Vk has maximal 
degree, we will call ^'j^ the simplification of $. This will be a simple map. 

Let us write Fi, . . . , for the connected components of the fixed point set F^^ . We 
will follow this notation. For any natural number K, K will denote the set {1, ... , K} C 
N and Kq = {0} U K. We define the framing D = D{E, X^, A, $, c) of the cusp cx-THC 
(E, X^, A, $, c) to be the following set of data: 

1. The class Bq = pe^^^Xq] G H^^Fsi^Z). 

2. The number K of bubbles in X'^. 

3. Homology classes Bi, . . . , Bk G H2{J-'] Z) describing the image of the bubbles Xk 
in J-'. 

4. For every /c G K the tuple {Lk,Tk,Pk) such that, after identifying JF^.^. ~ F, the 
simplification of $fc belongs to M^^'^^'P^{Bk). 

5. For any G K such that Lk = S^, the number c{k) such that, for all s G 
M'^^^^>''P^{Bk),s{CP')cF,^k). 

6. For any G K such that ^ 1, numbers c(A;)+ and c{k)_ such that, for all 

7. A set C C Kq containing the pairs such that i < j and Xj fl Xj 7^ and 
the following. 

(a) A partition C = Coo U Coi U Cio U Cu defined as follows. For any pair 

G C, let X = XjflXj. Put e{i) to be 1 if x G Xj is a critical point with 
respect to {Li,Ti,pi) and otherwise (see definition |6.2.2|) , and define e(j) 
similarly. Then belongs to Ce(j)e(j). 

(b) A set C" C containing the sets k) such that Vi{Xif\Xj)n{Xir\Xk) ^ 
(this is a subset of Xj). 

8. An element c G iM. 

9. A set 5 C containing the pairs such that $i(Xj) = $j(Xj). 

10. The set of /c G K such that G {yi,...,?/^} (that is, such that $fc(Xfc) is 
contained in the fibre over a marked point) and the marked point ym{k) = ^k- 

Definition 6.2.3. We will denote Ai'j „{D) the moduli of cusp a-THCs with framing 
D. The extended moduli of cusp a-THCs will be denoted M'j ^{D) . 
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6.2.2.3 We define the total homology class of the frame D to be the equivariant 
homology class B(D) = Bq+Bi + - ■ ■ + Bk € H2{Fsi; Z). Lemma [A.4.1| in the appendix 



says that there is a natural map H^{F) — > H^{J^). In the sequel the cohomology classes 
Bk will mean either the element G H^{J^) or any of their preimages in H^,{F) 

by that map. For example, we may write for any k 



{c,iTF),Bk) = {cfiTF),Bk), (6.1) 

where on the left hand side we view B^ G H2{F) and on right hand side we view Bj, 
as an equivariant homology class. 



6.2.2.4 For any cusp u-THC with frame D we make the following reduction process. 
First we substitute the bubble maps $fe by their simplifications and then we identify 
bubbles with the same image in JF. Finally, if necessary we forget some intersection 
points in order that no two irreducible components of the cusp we have obtained 
intersect at more than one point. 

After this process we end up with another cusp a-THC with frame D. We call the 
resulting cusp a reduced cusp and D a reduced frame. We will denote Aii^cr{D) C 
A4'j ^{D) (resp. Ni^a{F)) C Afj^^{D)) the moduli (resp. extended moduli) of reduced 
cusp curves with framing D. 

Note that the total homology class of D will not necessarily be equal to that of D. 
li Bq, Bi, . . . , Bk are the homology classes of D we will have 

B{D) = Bo + nB, + ■■■ + vkBk, 

where > 1 are integers. This motivates the following definition. 

Definition 6.2.4. If B & H2{Fsi]'L) and the homology classes Bq, Bi, . . . , B^ of a 

frame D satisfy B = Bq + riBi + ■ ■ ■ + tkBk for some integers > 1, then we will 
say that the frame D is 5-admisible. 

We will denote T>{B, c) the set of 5-admisible framings D such that c{D) = c. This 
is obviously a numerable set. It contains a distinguished element which represents 
the cusp curve with no bubbling. We will call the top framing of B. 



6.2.2.5 The main result of this subsection is the following theorem. 

Theorem 6.2.5. Let D be a reduced frame. Suppose that the element c = c{D) G iM 
lies in the complementary of Co- For generic a G Y7^^{E) and complex structure 
I G '^^^1 the moduli M.i^„{D) of reduced cusp a-THC with frame D is branchedly 
covered by a smooth manifold. Furthermore, if the positivity conditions in 6A are 
satisfied and if D is B-admisible for some B G H2{Fsi; Z) then 

dim^MiAD) < dimMA^,,,(5,c) -2(1 + 6(D)), 

where b{D) is the number of marked points whose fibre contains a bubble. 



Proof. Through all the proof dim and codim will denote real dimension and 
codimension. Let 2n be the dimension of F. 
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6.2.2.6 For any tuple (L, T, p) and bundle T = ^ X denote Map^(CP\ T)\£^ 
the set of maps $ : CP^ T whose image is included in a single fibre Tx and such 
that $ e Map^(CP\j^^)^'^ (see Q). We have 

Map^(CP\.F)|j{f, = E X51 Map^(CP\P)^'''. 

Define for any homology class B G HiiF] Z) 

-^St(^) = e Map^(CP\P)^,'J X Jl,. 

Incidentally, this is the moduli space used to defined fibrewise and equivariant quantum 
cohomology by Givental, Kim and Lu (see [pu| ). Note that we have M^f^J^S) = 

E xgi M^'^B). In particular, 

dimA^i;,^,(P) = dimA<5"'''(P) + 2. (6.2) 

6.2.2.7 Fix a reduced frame D and suppose that the element c = c{D) G iM lies 
in the complementary of Cq. Let K be the number of bubbles, C C {0,1,..., K}'^ 
the set of pairs describing which irreducible components intersect, Bq, Bi, . . . , Bk the 
homology classes of D, and {Lk,Tk,Pk) the tuples telling the moduli in which $fc sits. 
We denote X = Xq,Xi, . . . ,Xk the irreducible components of the cusps with frame 
D. 



di<l> = 0, 
$ simple 



B 



6.2.2.8 Define for any k the group Gk to be C* if ^ 1 and PSL(2; C) if F^ = 1. 
These groups act effectively on A1^'"^'"''*(Pfc) as follows: any s G A4j'''^'''^''{Bk) is 
mapped by g G Gk to g{s) := s o g : CP^ F. Note that when F^ 7^ 1 the group C* 
acts on CP^ keeping fixed x±. 



6.2.2.9 Let us write 

K 



k=l 



where A is the multidiagonal, that is, the set of elements (si, . . . , sk) such that Sj = Sj 
for some i 7^ j. A4y{D) parameterizes tuples of K different holomorphic maps ^k '■ 
CP^ T whose image is contained in any fibre. Reasoning exactly like in proposition 
5.2.2| one proves that A4^(Z^) is a smooth manifold of finite dimension on which the 



gauge group ^ acts smoothly. Note that ^mi^M*^{D) j'S = dim^ M*jr{D) — 1. We 
will prove that the universal moduli of reduced cusp cr-THCs with frame D 

My,j:iD) = [j MiAD) 
is a smooth Banach submanifold of M,^,t,{Bo,c) x M.y{D) / x H^fc)- 



130 



CHAPTER 6. THE INVARIANTS $ AND $ 



6.2.2.10 Recall that J-'q = E x gi F^^ . For any pair e = G C we define 



T xT if e G C, 

X J^o if e G C, 

^0 X ^ if e G Cio, 

^0 X ^0 if e G Cn, 



00, 

015 



and we write Ae C for the diagonal in Te- We also define = x X|, where: if 
i = and Xj = ym{j) is a marked point then Xf = ^mO) and Xj = if Xi fl Xj = a;-?^ 
and Xj otherwise; and if i 7^ then Xf is G Xi if Xj fl Xj = x]^_ and Xj otherwise, 
and Xj is defined similarly. 

We then have an evaluation map 

eve : M^ABo, c) x A^>(Z}) x J] X^ ^ J] .F, 



e- 

eeC eGC 



Consider the projection 



and write A j?r for the diagonal in '^^^i'- Since c G iM \ Cq, theorem |^ and ^.2.11 imply 

that Q^\Ay) is a smooth Banach manifold (this is exactly like the proof of lemma 
4.9 in |[RuTi|] ). Let us define 

7^^,sP) = (e,>^(A^) n ev-i( J] a^)/^)/ J] c^- (6.3) 

Now, the results in subsection |6.2.1| imply that the evaluation map evc restricted to 
Qy^{A^y) is a submersion. Furthermore, the action of 5f on A^.y,s(-Bo, c) x J\4y{D) x 
]^gg(^Xe is free, so TZ^/^D) is a smooth Banach manifold. Finally, the projection 

p -.n^^D) ^ = J^,s^ x^,{E) 

is a Fredholm map. Hence, the theorem of Sard-Smale implies that there is a Baire set 
of the second category ^'"''s ^ snch. that for any (J, a) G ^'''^^ the set 

is a smooth manifold. The set of cusp curves is equal to M.i ,j{D) = nj^(7li^„{D)), 
where 

TiM : MiABo,c) X M}iD) X J]X, ^ MiABo,c) x M}iD) 

eeC 

is the projection. This is a ramified covering, and the fibre over any element in 
j',T.{D) is just the set of points of X^ whose images in JF coincide. 



6.2. MODULI OF CUSP a-THCS 



131 



6.2.2.11 To prove the claim on the dimension of A4i^criD), we will prove that 

dim7^/,<,(D) < dim Mi,aiB,c) -2. 
Consider the following commutative diagram 



■MiABo,c)xM*jiD)xYlXe 



in which the horizontal maps I and l are embeddings and the vertical maps are the 
projections to the sets of ^ orbits. 

Since 9^^ (A/) fl ev^^(]^ Ag) is ^ invariant, the codimension of the embeddings I 
and i is the same. Now, 6^^(A/) = Mi^aiBo,c) x M*j{D) x ]^Xe and the map ev^ 
restricted to 6^^ (A/) is a submersion. Consequently, 

codim I = codimQ-i(^^^-) eV(^^(J^ Ag) = codim^c-^ Ag. 

Combining ( |6.3| ) and the above reasoning we conclude that 

dim7^/,^(D) = dimjZi^^{D) - ^dimCfc 

= dim A^/,,(5o, c) + dim A^^^)/^ 

+ dim Xe — codimjc-^ Ag — dim Gk 

= dim A^/,^(5o, c) + dimA^^^) - 1 

+ dimXe — codimjF^ Ag — dimCfe. 

To bound this dimension we divide the set of bubbles K in three subsets. Let S 
(resp. T and U) denote the set of A; G K such that = 1, Ffc = 1 (resp. = 1, 
Ffc 7^ 1 and Lk = S^, Tk = 1). Let S = |S|, T = |T| and U = |U|. Theorems ^.3.1| and 
5.3.2| , and formula (|6.1| ), imply the following. 



If A; G S then dimG^ = 6 and 

dimM'^^ifiBk) = 2 + 2(ci(TF), Bk) + 2n = 2 + 2(cf (TF), B^) + 2n, 
where in the last term we view Bk as an element of H^{Fsi) (see |6.2.2.3| ). 
If G T then dim Gk = 2 and 
dimM'i1ll'''"{Bk) < 2 + 2(ci(TF), 5,) + 2n - 4 = 2(cf (TF), Bk) + 2n - 2, 



by theorem 5.3.3 
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If A; G U then dimGk = 6 and 

dimM'^^^l"'"'{B,) = 2 + 2{c,{TF''), S,) + dimF,(fe) 
<2 + 2(ci(rF),5fc) + dimF,(fc) 
= 2 + 2(cf (rF),5fc) + dimF,(fc), 



by condition |6.1.4 



On the other hand, since D is -B-admissible and condition |6.1.3| is satisfied, we have 

K 



J2{cT{TF),B,)<{cf{TF),B). 



k=l 



Hence, 

dim7^,,,(Z}) < 2(cf (TF), S) + 2{n - 1)(1 - (?) 

+ (5 + T)2n + ^ dimFc(fc) - 4/^ + ^(diniXg - codim^^ A^). 



feeu 



eGC 



To find an upper bound for the last two terms we proceed as follows. Suppose to begin 
with that b{D) = 0. Since for any e we have dim — codimjr^ Ag < 0, an upper bound 
for X^eGC where C C C will also give a bound on dimT^/ ^-(D). So we take any subset 
C G C of K elements with the following property. The graph whose vertices are the 
elements of Kq and which has an edge joining i to j if either or (j, i) belong to C 
is connected. This imphes that C ^ Cu (because otherwise the vertex G Kq would 
be disconnected from the rest). Take an injective map 

v.C'^K 

which assigns to either i or j. Let A; G K and e = v~^{k). 

• If A; G S then dimXg — codimjr^ Ag = —2n + 2. 

• If A; G T and e ^ Cu then dimXe — codimjr^ Ag < —2n + 2 and if e G Cn then 



dimXe — codimjF^ < max{— dimF^ 



C(fc)+) 



dimF, 



c{k). 



.} - 2 < -2n + 4, 



by condition 5.1.5 



• If A; G U then dimXg — codimjr^ Ag = — dimFc(fc) + 2. 
Since C ^ Cu, we get 

dim7^/,^(D) < 2(cf (TF), B) + 2{n - - g) - 2 = dimA^/,^(5, c) - 2, 

which is what we wanted to prove. If b{D) > then the same reasoning as above 
works. Just observe that we have to substract at the end 2b{D) (that is, two units for 
each e = (0, j) such that Xj = ym{j))- D 
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6.3 Extended moduli of cusp cr-THCs 



Using the same techniques as in the proof of theorem |6.2.5| one proves the following 
theorem on the extended moduli of reduced cusp cr-THCs. 

Theorem 6.3.1. Let D he a reduced frame. Suppose that the element c = c{D) G iM 
lies in the complementary of Cq. For a G YI^^iE) and complex structure I G the 
extended moduli Mi^aiD) of reduced cusp a-THC with frame D is branchedly covered 
by a smooth manifold. If the positivity conditions in \6. 1\ are satisfied and if D is 
B-admissible for some B G H2{Fsi] Z) then 

dim^Afi^^iD) < dimMM,,(5, c) - 2(1 + b{D)), 

where b{D) is the number of marked points whose fibre contains the image of some 
bubble. Furthermore, for any pair Iq, Ii G ^^J'fi andao,ai G T.'^^^^E) we can find paths 
[0, 1]3 t ^ {It, at) G X Sc(-E) such that 

U 

te[o,i] 

is a smooth cobordism between J\fio,uo{L)) and Ni^^ai{L)). 



6.4 Definition of the invariants 
6.4.1 A retraction of 3S and 

Let — s> X be a 5^ principal bundle of degree and let £^ be the set of connections 
on E. Let C ^ = Map(X, S^) be the set of gauge transformations of E fixing the 
fibre over G X. 

Let 

JaCd(X) = {Ae £^ \ Fa = -i27rrfcjx/ Vo1(X)}/^o 

be the Jacobian of degree d (here as usual we write ujx for the symplectic form in X). 
This is a torus of real dimension twice the genus of X. We will construct a retraction 
^//^o ^ Jacd(X). Recall that we have a metric on X, which induces metrics on the 
exterior algebra of forms Vt* (X) . Let W be the space of harmonic j-forms with respect 
to this metric. 

Let 

F:£^/%^ l]2(iM) 

be the map which sends any [A\ to FA + i27r(ico'x/ Vol(X). It is easy to see, using Hodge 
theory, that the image of F is the orthogonal of '\H?{X) in i7^(i]R). The preimage of 
G (]^(i]R) is precisely JaCrf(X). In fact, F : /% \H'^{X)^ is a smooth fibration 
with fibres diffeomorphic to Jacd(X). We will construct a connection on this fibration 
by specifying its horizontal distribuition. 
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Given any [A] G ^ /^o, the tangent space T[a]^ /^q can be canonically identified 
with Keidl, where di : fi°(i]R) n\ iM) is the exterior derivation. Then we set the 
horizontal space at [A] to be 

{T[A]^/%)h := Kei dl H (Kerds)^, 

where d2 '■ i7^(i]R) is the exterior derivation. Now, using parallel transport 

along lines going through — i2'7r(ico'x/ Vol(X) G i7^(i]R) we get the desired retraction 

R : JaCd(X). 



Let = Map(X, C*). This is the complexification of W and it acts on ^ holomor- 
phically (see ^.1.21 ). Each ^f"' orbit in ^ contains exactly one ^ orbit giving an element 
in JaCfilX) (this is the most simple case of Hitchin-Kobayashi correspondence). 

Lemma 6.4.1. The map R factors through the projection /^o ^ j'^^ . 



Proof. Suppose for simplicity that = 0. The vector field we have used to 
construct the retraction is the gradient of the Yang-Mills functional YMi^A) = ||F4||^2- 
Now, fJ'iA) = Fa is a moment map for the action of ^ on and so YM[A) = 
\\fi{A)\\'j^2- But it is a general fact that V||/i|p = —21^, where we identify Lie(^) ~ 
Lie(^)* to view fi G Lie(^) and where ^ is the field on ^ generated by fi. Hence the 
integral lines of the gradient of 11-^411/^2 are contained in the orbits of the action of 

□ 

We now show how to lift the above retraction to a retraction of JF'^J onto its 
restriction on Jacd(X) X X. Let J^y = ja.ca{x)xx- The Universal connection A on 
TTxE —>■ ^ X X (which is by definition equal to vr^v4 on the slice {A} x X) descends 
to a connection A on Ej. Using the induced connection on J-'^-' and the connection on 
^ 1^0 — Yli?{X)-^ we get a connection on the fibration T^-' — > \H}[X)-^ which allows 
to define the retraction 

R^ : T^-J ^J^f- 



6.4.2 Pseudocycles in smooth manifolds 

The following definitions (with some modifications) are taken from chapter 7 in | iVlcDSl 
Let M be any oriented smooth manifold. 

Definition 6.4.2. Given a manifold V and a continuous map f : V ^ M , the 
omega-limit-set of f is 

nf= fi f{v\K). 

KgVK compact 

The omega-limit- set of / is, in a certain sense, the boundary of f{V). More pre- 
cisely, it consists of the hmit points of sequences f{xn), where C V has no 
convergent subsequence. 
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Definition 6.4.3. A pseudocycle of real dimension k in M is a pair of maps (/, g) : 
{V, W) M, where V and W are a-compact Q oriented smooth manifolds, with V 
of real dimension k and with all the components in W having real dimension at most 
k -2, such that fi/ C g{W). 

Definition 6.4.4. Two pseudocycles {fi,gi) ■ {Vi,Wi) — ^ M, i = 1,2, are said to be 
bordant if there exists a pseudocycle (/v, gw) '■ (V, W) — > M such that dY = Vi — V2 
and /v|y, = fi fori = 1,2. 

In particular, two pseudocycles {fi,gi) : (ViyWi) M, i = 1,2, such that Vi = V2 
and /i = /2 are trivially bordant. Note that, since what we are really interested 
in is bordism classes of pseudocycles, we could have defined pseudocycles, following 



McDSlll , as maps f : V ^ M from an oriented manifold V whose omega-limit-set 
may be covered by the image of a map from a manifold of real dimension at most that 
of V minus two to M. 

Definition 6.4.5. Two pseudocycles {fi,gi) : {Vi,Wi) — > M, i = 1,2, are said to be 
transverse if all the intersections fviiVi) fl /y2(V2), /yi(V^i) n fw2i^2), fwii^i) H 
fv2(y2) and fwiiWi) fl fw2(^2) are transverse in M. 

Lemma 6.4.6. If two pseudocycles {fi,gi) : {Vi,Wi) — ^ M, i = 1,2, are transverse 
and of complementary dimension in M, then fi/^ fl gj{Wj) = for {i,j} = {1,2} and 
the set {(fi,f2) E Vi X V2 \ fi{vi) = /2(f2)} is finite. Let us define 

/i-/2= J^{vuV2), 

{vi,V2)eViXV2flivi)=f2{v2) 

where i'{vi,V2) is the intersection number o//i(Vi) and /2(V2) at the point /i(fi) = 
f2{v2) (since the intersection is transverse, this number is ±1, depending on the ori- 
entations). Then the number fi ■ f2 only depends on the cobordism class of fi and 

Proof. This is lemma 7.1.3 in ||McDSl|| . □ 



Lemma 6.4.7. Given two pseudocycles {fi,gi) ■ iVi,Wi) M, i = 1,2, there is 
a subset Diff (M, VI, I/2, W^i, 1^2)"'^^ C Diff(M) of Baire of the second category such 
that the pseudocycles (0 o fy^,(j) o /p^J and {fv2J fw2) are transverse for any cj) G 
DiS{M,Vi,V2,Wi,W2y''^. 

Proof. Given two cr-compact manifolds V, W and two smooth maps f,g:V,W^ 
M, it is well known that there is a subset Diff (M, V, C Diff (M) of Baire of 

the second category such that the maps o / and g are transverse for any G 
Diff (M, V, Wy^. Then we set 



Diff (M, Vi, V2, Wi, 1^2)"*^ = n Difr(M, V„ W. 



reg 



which is of course of the second category. □ 
^Recall that this means that they can be covered by countably many compact sets. 
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Lemma 6.4.8. Let dimiR M = m, and let (/, g) : (V^, W) M he an {m — d) di- 
mensional pseudocycle. Any homology class j3 G Hd{M; Z) can be represented by a 
pseudocycle [fp, gp) : (Vg, Wp) ^ M in the sense that Vp carries a fundamental class 
Wp] of dimension d and that (//3)*[Va] = 13. Furthermore, the map 

: Hd{M] Z) ^ Z 

which sends (3 to f ■ fp is well defined (that is, it does not depend on the chosen 
pseudocycle representative of (3) and only depends on the bordism class of f . 

Proof. This is a consequence of the preceeding lemma together with remark 7.1.1 



and lemma 7.1.5 in ||McDSl|] . □ 
For convenience, we extend the map by zero to the rest of the homology of M. 



6.4.3 Definitions of the Hamiltonian Gromov-Witten invari- 
ants 

6.4.3.1 The invariant $ 

Let p e N and let c^+g : (Fp+'')51 = ES^ X51 ^ (^51)^+" = {ES^ X51 

be the natural map (we consider on F^+'J the diagonal action of S^). Given cohomology 
classes ai, . . . , a^, Pi, . . . , Pg G if^i (F) we will write 

c(ai, . . . , ttp, . . . , = c*_^g(ai (S)---(S)ap(g)Pi(g)---(S)pq). 

Let us consider the map 

ev^''' : X X XP ^ £/ X E xgi {FP+'') 

which sends {A, $, (xi, . . . , Xp)) to {A, $(a;i), . . . , ^{xp), $(yi), . . . , This map is 

^0 equivariant, so it descends to give a map 

ev7 -.^oxXP^ jrP+g,^j^ 

where jFp+'?''^-' = Ej x^i [F'p^'^). On the other hand, the retraction i?-^ can easily be gen- 
erahsed to a retraction Rp+'^'^ : J^p+I'^j J^^/''^^-' , where J^p/^^^J = J^P+'''^'^|jac,(x)xx. 
Let f^" = RP+'i^^ o ev^'^ : M x Xp ^ T^/"'^' . 

Lemma 6.4.9. The map f^'^ is a pseudocycle. 

Proof. Observe first of all that J^P'^'^'^' [g a smooth and oriented manifold. Let 
D 7^ be a 5-admissible framing, different from the top one. For any 1 < j < g let 
us write 

Tj = {%•} n n X,, 

Xk=yj 

that is, Tj is the disjoint union of the marked point yj and all the bubbles which 
are mapped to the fibre over yj by the cusp cr-THCs with framing D. Note that 
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the Cartesian product Ti x ■ • • x Tg is a disjoint union of manifolds whose (complex) 
dimensions are at most b{D). Let Bq G H2{Fsi) be the homology class of the principal 
component of a cusp with framing D. Consider the evaluation map 

^P,<],D . Mi^^{Bo, c) X M*j{D) X (XoH- • ■nXfc)P x (Ti x ■ ■ ■ x T,) ^ x E x^i 

defined as follows: the point 

((A '^'o), ('^'l, • • • , '^k), {Xi, ...,Xp), {Zi, Zg)) 

is mapped to (A, . . . , ^{xp), $(^1), . . . , ^{zg)), where $ : ^ is the map 

obtained from gluing the maps $0, '^'i, • • • , (of course, we view T,- C XqII - ■ - UXk)- 
Quotienting the map ev^''^'^ by the reparameterisation groups Gk and the gauge group 
^0, restricting to TZi^^{D) and composing with Rp+1'^ we get a map f^'^'^ with target 
J^P/'^^^^ Since dimTi X ■ ■ ■ X r<j < '2b{D), we deduce (using theorem |6.2.5| ) that the 
domain of fjf'^ has dimension < dim A/" x — 2. Finally, the compactness theorem 
4.4.2| implies that 

(here we implicitly use the fact that the image of a cusp a-THC in JF coincides with 
the image of its reduction). This proves the lemma. □ 

Let 71 : Af ^ Jacd(X) be the projection to ^/^o composed with the retraction R. 
Then f^'^ x vr is also a pseudocycle. Finally, the Hamiltonian Gromov-Witten invariant 
^B c ("^i' • • • ) "^p I A) • • • ) /5<? I 7) is defined as 

^fP^.,,^{PD{pl^c{ai,...,ap,f3i,...,f]g)) x PD{^)), 

where PD denotes Poincare dual. 

This construction gives the invariants sketched in section |6.0.2|. Indeed, the diagram 



jrp+q,Ej 



fo X X > Jacd(X) X X 

is induced by a diagram of S*^ principal bundles 



X X > Jacrf(X) X X, 

where Ej^j = Ej|jac^(x)xx (this follows from the construction of R^'^'^'-^). Conse- 
quently, the map : H*,{F) i7*(jFP+9.Ej) ^^^^^ {R^^'^'^Y Pej where 



pj^^ ^ : H*i{F) H*{J^y'^'^'') (thanks to lemma [AA5| in the appendix). 
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Theorem 6.4.10. The invariant is well defined, and it only depends on the 

manifold F , its symplectic structure, the action of and the connected component of 
iR \ Co in which c lies. Furthermore, the invariant 

$5f («!,..., Op I /3g I I/) 

is zero unless the following relation holds, where \a\ denotes the degree of any coho- 
mology class a G if^i(F) 

p 1 

- 2p J] 1/5,1 + \u\ = 2(cf (TF), B) + 2{n - \){g - 1) + 1. (6.4) 



Proof. The first claim follows from our discussion on pseudocycles, lemma 6.4.1^ 
and theorem |3.5.1| . The second claim follows from dimension counting. Just observe 
that the right hand side of formula ( |6.4|) is the dimension of the extended moduli space 



6.4.3.2 The invariant $ 

To define the invariant $ we have composed the map evj'^ with the retraction 
RP+'i'^ ^ thus getting a pseudocycle /at : A/" x — >■ !Fj~^'^'^-' , where J^P'^'^'^-' is a smooth 
oriented and compact fibration with fibre F^+'J. We have then used Poincare duality 
to express the product of cohomology classes in terms of intersection of subvarieties. 

Let ev^''^ : £/ x y* x £/ x y* x E x 51 be the map which sends 

{A,<!>,xi,...,Xp) to (A, $,<l>(a;i),...,$(xp),$(?/i),..., This map is ^ equiv- 

ariant. The map ev^''^ = ev^'"^/^ goes from ^ x X and takes values in J^p+1'^ = 
E X51 = ^ X ^* X In contrast with what happens with J=-p+i^^J, it 

is not clear whether J^p^i^^ admits as a retract a smooth oriented compact submanifold. 
To use the technique of pseudocycles we will consider the following construction. 

Let us denote to simplify M = x X^, = A/" x and 5 = JaCd(X). Let 
also Fm = J^P+1^^, Fn = J^^P+'?''Eo = Eo X51 where Eq = {s^ x y* x E)/% and 

Fb = J-'j'^'^'^'' . We then have the following diagram of fibrations 

1 ^ B 

A- ..■■■^ 

fp,<l 
■■ /at 



TTq 



where evg'^ = ev^''^ /'^q, ttq and tti denote the quotients of the action of S*^ = $^/^^o; and 
7r2 and tts are induced (taking quotient of the ^0 action) respectively by the projections 
^/ X ^* X X ^ ^ X X and X ^* X F ^/ X F (so that ev^''' = vrg evg'''). Suppose 
now that we have a smooth oriented and compact manifold W with a free action of 5*^ 
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and a S equivariant map g : N ^ W. Then S acts on the diagram 



^FnXW 



N- 



BxW, 



and quotienting we get a diagram of fibrations 

Fm^{FbxW)/S' 

M >{B X W)/S\ 

Now, {Fb X W)/S^ is a smooth compact oriented fibration with fibre Further- 
more, the map = Rm oev^''^ is a pseudocycle. Repeating the construction of $ but 
using (Fb x W)/S^ instead of Fb we get a rigorous definition of the invariant $. 

It remains now to construct W and the equivariant map g : N ^ W. Let 
P C X be a finite set of points, and let evp : x y* x X ^ x F'^' be the map 
which sends {A, $, x) to {A, $, Ylpep ^(p))- This map is equivariant, so it descends 
to give a map evp : N ^ Wq = {s^ x F\^\)/%. The group 5^ = ^ /% acts on PVo- 

Lemma 6.4.11. One can take P G X so that Imevp fl Wq^ = 0. 



Proof. For any e > we will denote C X any finite subset such that the union 
of the disks of radius e centered at the points p G P^ covers X. Suppose that the claim 
of the lemma is not true. Then there exists a sequence ej —>■ 0, sets P^^ and a-THCs 

{Aj, $j) G A4a,i{B, c) so that for any j the image of the points in P^^ by the section 
is contained in jFg = F x 51 F^^ . By the compactification theorem |4.4.2| one may 



take a subsequence of {Aj, $j) which, after suitably regauging, converge pointwise to 
a cusp (T-THC. Now, by construction, the image of the principal component Xq of this 
limit cusp must be inside JFq. But this is in contradiction with our assumption that 
a e Sc(F) (see lemma ^XTI) . □ 



On the other hand, generalizing the construction of Rp^'^'^ we can construct a 5*^ 
equivariant retraction R}^° : Wq W = VFo|jacd(x)xXp- Then g' = R^°evp does not 

meet W'^ . Finally, let T be a 5*^ invariant tubular neighbourhood of W'^ C W whose 
closure does not meet the closure of Img. Then we set W = (W \ T) Uqt —(W \ T). 
This is a smooth compact and oriented manifold with a free action of and the map 
g' induces g : N with the desired properties. 

— X,F 

Theorem 6.4.12. The invariant ^b\ ^■^ '^^^^ defined, and it only depends on the 
manifold F , its symplectic structure, the action of and the connected component of 
iM \ Cq in which c lies. Furthermore, the invariant 

X F 

^b\c . . . ,ap I . . . I z/) 
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is zero unless the following relation holds, where \a\ denotes the degree of any coho- 
mology class a e Hgi (F) 

P 9 

^ \a,\ 1/5,1 + \u\ = 2(cf (TF), B) + 2(n - l){g - 1). (6.5) 

6.5 An example 

In this section we will study a particular case of our construction in which the invariant 
$ is nonzero. We will take F to be the sphere 5*^ with the action of given by rotation 
through a fixed axis. 

6.5.1 The data 

Consider on S'^ the metric obtained identifying S'^ with the sphere of radius 1 in M^. 
This metric (as any other one in S*^) is Kaehler. With this choice the symplectic 
structure on F is just the induced volume form and the complex structure acting on 
any vector is given by rotation of 90° counterclockwise (looking towards the center). 
Suppose that the action of is induced by the action of on M? given by rotation 
through the axis a; = y = 0. Then S"^ has as fixed points (0,0,1) and (0,0,-1). A 
moment map for this action is /i(a;, z) = iz. 

We can identify S'^ with CP^ in such a way that the action of is given by 
X ■ [x : y] = [Xx : y] for any X e S'^ C C*. Then [0 : 1] corresponds to (0,0, 1) and 
[1 : 0] to (0, 0,-1). The action of the complexification C* of -S"^ takes the same form: 
any A G C* sends [x : y] to [Xx : y]. The maximal weights are easily seen to be the 
following. 

X{[x ■.y];i) = and -^([^ • = { ]~if x J ^ ^^'^^ 

Let E ^ X he a principal bundle. With our identification S'^ ~ CP^ we see that 
= E Xgi S"^ = F{L^ © ^), where = F x 51 C is the fine bundle associated to 
E. The action of the gauge group ^ = Map(X, S^) is given as follows: any section 
= [00 : where (0o, 0i) e H^{L^ ® K) ® H^{K) and X ^ X is a line bundle, is 
mapped by e to = [g(f)o : 0i]. 

6.5.2 Some topology 

We begin recalling the Leray-Hirsch theorem: let — X be a vector bundle of rank 
n + 1, where X is any topological space. Then, as a ring, 

H*{F{V)) = H*{X)[t]/{t''+' + rci(l^) + • • • + tCn{V) + Cn+l{V)), 

where Cj{V) G H'^^[X) is the j-th Chern class of V. Furthermore, t has degree 2 and 
is the first Chern class of the line bundle ^p(v)(— 1) F{V). 
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This allows to compute the equivariant cohomology of S'^. Indeed, we have S'^i = 
ES^ X51 52 = P(^(-l) © ff), where ^(-1) ^ CP^ = BS^ is the tautological bundle. 
We have H*{CP°°) = Z[a], where a = ci(^(-l)) so, by the Leray-Hirsch theorem, 
H*,{S^) = Z[a,b]/{b^ + b^a) with dega = deg6 = 2. Take as before E ^ X a 
principal bundle, let V ^L^®^, and let tt : F{V) X. Then p^(a) = n*Ci{L^) and 

p|(&)-Ci(^P(V)(-l)). 

6.5.3 Hit chin— Kobayashi correspondence and the moduU 

Suppose from now on that X is a compact connected Riemann surface, and take a holo- 
morphic structure on the line bundle — > X. Let : X — > ¥{V) be a holomorphic 
map. The possible lifts of to a section (f) e arc given by -f/'°((A>*^p(\/)(— 1)). 

Now, since for any line bundle L X we have ^p(V(g)L)(— 1) = ^P(v)(~l) © 7r*L, 
and since F{V ® L) = F{V) canonically, by taking L = 0*(^p(y)(l) we can lift to a 
nonzero section (j) e H^{V <Si L) = H^(L^ L © L), unique up to C* (indeed, then 
we have 0*^p(y®L)(-l) = Let = (0o>^i) the splitting H^{L^ ® L ® L) = 
H^{L^ ® L) ® H^{L). Then 0q and (6^ have no common zeros (if they had then the 
bundle (t>*&w{v®L) (—1) would be of positive degree; but by our choice of L it has degree 
zero). 

Of course, the converse is also true: since is the unique line bundle of degree 
with a nonzero section, whenever we have a line bundle K ^ X and sections G 
H^(L^ ® K) and 0^ G H^{K) with no common zero the induced section G r(P(F ® 
K)) has </)*^p(\/xii')(— 1) = ^- The complex gauge transformations which keep fixed 
the complex structure of E (that is, the holomorphic gauge transformations) are the 
constant ones A G C*, which send any section admitting a hft (0O) 0i) to the section 
induced by (A0q, 0^). 

Let S^X denote the j-th symmetric product of X. Let AP'« C S^X x S'^X be 
the set of pairs Sp G S^X and Sq G S'^X with at least one common point. Let be 
the space of connections on E, y = r(P(L^ © ff)) and $f ^ = Map(X, C*), acting on 
^ X ^ as usual. The preceeding discussion proves the following result. 

Lemma 6.5.1. Let deg(£') = d. Then 

p-q=d 



Fix now c G iR. We want to study which '^'^ orbits in ^ x contain solutions 

to the equation AFa + Ai($) = c. Take a pair {A, $) G ^ x and suppose that 
$ is contained neither in P(0 © ^) C P(L^ © ff) nor in P(L^ © 0) C P(L^ © 
Then (A, $) is simple, so we may apply the Hitchin-Kobayashi correspondence (the 
usual metric in iR is induced by the fundamental representation U(1;C)). To 

check c-stability it is enough to consider the trivial reduction a of the structure group 
of £J X51 C* to C* considered as a parabolic subgroup of itself, and the antidominant 
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characters x = ^ iLie(S'^). This choices give the constant sections (/cr,x = il ^ 
Map(X, M) = iLie^. Now, by our assumptions on $ and ( |6.6| ), we must have 

/ A($(x);-i)= / A(<l>(x);i)=Vol(X). 

Consequently, c stabihty amounts to the following two conditions: 

deg(E) + Vol(X) > Vol(X)(c,i) and - deg(E) + Vol(X) > - Vol(X)(c, i), 

which are equivalent to this unique condition: 

|deg(E) - Vol(X)(c,i)| < Vol(X). 

The crucial point is that this condition does not depend on A nor on $ (we only made 
an assumption on $ so that {A, $) is simple). 

Dualising our description of the map p*^ above, we deduce that fixing a homology 
class B G if2(5'|i) and considering the sections $ G T{F{V)) such that pE^^*[^] = B 
is the same as fixing two integers (p, q) and considering the sections $ G r(P(V^)) such 
that degE = p — q and deg $*(^p(y)(— 1) = —q. We will then denote B = {p, q). If 7^ 
q^ p then, for any connection A and any section $ such that pe^^*[X] = {p,q), the 
pair {A, $) is simple. Consequently, if we take any c such that | deg(-E') — Vol(X) (c, i) | < 
Vol(X) then we deduce from lemma |6.5.1| and the Hitchin-Kobayashi correspondence 



that 

M'^''^\{p,q),c) = S^X X AP'". 

This is not only an identity of sets. It turns out that in this situation it is unnec- 
essary to perturb the equations in order to obtain a smooth moduh, and the above 
equality is of smooth manifolds. Observe for example that the virtual complex dimen- 
sion for the moduli is p + q. Indeed, cf {TS"^) = a — 2b so 

{cf{TS^), B) + {n - g) = {p- q) + 2q = p + q 

(since n = 1), so it coincides with the actual dimension of S^X x S'^X \ A^'^. 



6.5.4 A nonzero invariant 

Suppose that X = CP^ and that ^ q ^ p. We will compute in this case a nonzero 
$ invariant. (Observe that we can not hope to obtain a nonzero $ invariant, since all 
the equivariant cohomology classes of S*^ have even degree, and the extended moduli 
space has always odd dimension.) 

Let M = M'^''^\{p,q),c) = SPX x S'^X \ AP'-?. Observe that = CP", the 
isomorphism being given by assigning to {[ai : Pi], ... , [a„ : the class in CP" of 
the coefficients of Hjl'^i^ ~ f^jV)- There is a universal bundle K Ai x X and a 
universal section ev G r(P(E C?) L © L)), where L — > x X is another line bundle. 
We have 

PD{pl{a + b)) = PP)(ci(E®L)) = {{sp,Sg,x) G {S^X x ^-^X \ A^'^) x X | a; G Sp} 
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and 



PD{plh) = PD{ci{V)) = {(sp, Sg, x) e X \ ^p,i) xX\xe s J. 

On the other hand, if a e H*{MxX) is any class then PD(«/[pt]) = PD{a)r\M^{x} 
for generic x e X. So PL>(ci(E O L)/[pt]) (resp. PD(ci(L)/[pt])) is /J^' x CP" \ A^-" 
(resp. CP*' X \ AP'«) where (resp. is a hyperplane of S^X = CP^ (resp. 
S'iX^CP'^). 

^ We take as a compactification of our moduh M. — S^X x S'^X. The complementary 
A1\A1 has real codimension at least two. The bundles E, L extend naturally to bundles 
E, L — s> X X and the section cv also extends to a section ev G r(P(E (8> L © L)). By 
the theory of pseudocycles, the preceeding observations imply that we can compute 
the invariants using this particular compactification and without worrying whether it 
coincides with the compactification with cusp THCs. But we then obtain that 




(That is, we use the map //q in all the p + g arguments.) 



CHAPTER 6. THE INVARIANTS $ AND $ 



Appendix A 
Some useful results 



A.l Vector bundles over fibre bundles 

Let : V ^ F he a. vector bundle. We denote TV^ C TV the subbundle Ker dir^ 
of vertical tangent vectors to V. Suppose that a compact connected Lie group K acts 
on V linearly on the fibres. Let V be a i^-invariant connection on V. For any vector 
field G r(TF), let av(^) e T{TV) denote the lift of given by V. 

Definition A. 1.1. The moment of the action of K on V with respect to V is the 
mapQ = Q^ -.t^ EndV defined as n{s) = av(^/) - ^/ for any set. 

Note that, as defined, fl{s) : V TV^ is map linear on the fibers of V. We denote 
this by Q{s) G r{V;TVy^^. Using the canonical isomorphism TV^ ~ y we regard 
fl{s) G EndV. The next lemma follows from an easy computation. 

Lemma A. 1.2. For any s G 6 and any ^ G T{V) we have 



Example A. 1.3. Let {F,uf) be a symplectic manifold, and assume that there is a line 
bundle V ^ F with a connection V whose curvature is iujp. Assume that K acts on 
F respecting up. Now, if the action of K on F lifts to an action on L we may average 
and assume that V is K invariant. Then, the resulting moment Q is a symplectic 
moment map for the action of K on F. Conversely, any symplectic moment map on 
F gives rise to a lift of the infinitesimal action oft which leaves V invariant. (See p. 

244 m JppK^ .) 



Let : E ^ Xhe & i^'-principal bundle. Let V = E and T = E ■ Then 

TT^ : V ^ is a vector bundle. Let A be a connection on E. 
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A. 1.1 A connection on V ^ T 



We define a connection = V^(A, V) on V 

field =r e r(r:r) to a field (7vv(=r) e r(rv). 

Consider the following diagram 



T by giving the lift of any tangent 



K 



^ExV 



K 



id Xtt" 



^ExF 



■ke 



4 



The three horizontal sequences of maps denote X-principal bundles, and the two 
squares are cartesian. In particular, the principal K bundle E x F ^ is isomorphic 
to the puUback nx*E. Consider onExF ^ T the puUback connection A^^^ — tTx*A. 
This connection gives a hft : T(E x F). On the other hand, we have a map 

id xav : T{E x F) ^ T{E x V). 

We define 

CTyv := dqx>{id xa^)T.A ■ TJ^ TV. 
Alternatively, we can define the connection by giving the projection 

Pvv : TV TV^, 

where TV^ — Ker dnjr is the field of vertical tangent vectors of the fibration tt^ : V — > 
!F. The connection A induces a connection on the fibration : V — > X, which gives 
a projection p^v : TV — » Kerrfyr^. On the other hand, the connection V gives a 
projection pv '■ TV — » TV^. Since V is i^T-invariant, so is the projection p^, and 
hence pv extends globally to give another projection p^^ : TV^ — » KerdTr^. Then 
Pvv = Pv-^ o Pav- 



A. 1.2 The curvature of 

Let Fv e r2^(F;Endy) be the curvature of V. Since V is i^T-equi variant, so is Fy, 
and hence extends fibrewise to a map 

Fv : A^TJ^^ ^ EndV. 

Consider the projection p^^T : TJ-' TjF^, given by the connection A. We have 
Pa^ = 1 — (JA^diTx, where aA^ '■ TX TJ^ is the lift given by A. We then have 

p^^Fv e n\T;EndV). 

Let Fa e E x^di) be the curvature of A. Then 

n(7r^* Fa) e Q^(:r;EndV). 
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Lemma A. 1.4. The curvature Fyv 0/ V is 



Proof. Since the question is local on X, we may suppose that there is an isomor- 
phism E c:^ X X K. Then there are induced isomorphisms ^ ~ X x F and V ^ X xV . 
Using these isomorphisms we may write the map dq\> : T{X x K xV) T{X xV) as 

dqv{u,s,v)^{u,v + ^^^) (A.l) 

where {u, s, v) e TX x tx TV ~ T{X x K xV). We have the following diagram 



TX xtxTV 



dqv 



■^TX xTV 



id X id xd-K^ 



id X id X (TV dwY. 



dqjr 



'"vV 



TXxtxTF TX X TF 



d-KE=T^TXxt 



id xO 



d-K^ 



TX xt 



d-K 



-^TX. 



Take two fields G V{TX x TF). Wc identify the sections in r(V;rV^)'^'' 

linear in the fibres of V with End V. We compute 



- dqv{:idxasj){^A{'3^i),^Am)] 



(A.2) 



Let TTa : X fi X TF ^ X fi X TF be the map ti^{u, s, v) = (0, 0, v). The lift 
is defined by these properties 

dq^iJ^A^) = 

dTiEi^A^) = aAidn^m) 
and, on the other hand, ct^j^ = dqj^{id xO)aA- Now, since tt^ — 1 — (id xO)d7rE, 

dqrns^Aim) = dq:rJ:A{m) - dq^{id xO)dnE^A{m) 
= m-dq^iidxO)aAid7T^m) 
^^i-aArd7r^m)=PAr{^). 
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The map dq^r restricted to {0} x {0} x TF sends any (0, 0,v) to (0,f), so tc3T,a{'3^) 
(0, 0, p^;^(^)). This imphes that the first two summands in ( [A.2| ) are equal to 

dqviO, 0, Fv(pa^(^i), Pa^(^^2))) = PA^F^{^V^, 
On the other hand, observe that 

= (0, 7i^*Fa{^u ^2), eTXxtxTF. 



Using formula (|A.1| ) this implies that the last two summands in (|A.2|) are equal to 

-Qi7r^*FA). 

□ 

A. 1.3 The case V = TF 

Suppose that V = TF and that the action of on V is the derivation of the action 
of K on F. Then V is a connection on TF. Using the connection A to view Trx*TX 
as a subbundle of TJF, we may write 

~ V © TT^*TX. (A.3) 

Take on TX a connection V^. By means of the above splitting we define a connection 
on TjF as 

Lemma A. 1.5. The torsion ofV"^ is 

ToTsjT = Ga^ ° diTx* Toryx —d'iTx*FAr + p\t Tory • 



Remark A. 1.6. The second summand should he interpreted as follows. 

d7r^*FArm,^2) = FAHd7i^m,d7r^{^^2)) 

= [aArdn^m,^Ardn^m]-aAr[dn^m,dn^mi 

which is a field of tangent vectors on T . This field of tangent vectors may be written 
locally (using a trivialisation E c:^ X x K) as 2Jp^. 

Proof. The statement is local on X, so we can suppose that there is an isomorphism 
E c:^ X X K . Then there are induced isomorphisms c:^ X x F and V ~ X x V. 

Suppose first that = Ga^ T^i-, where Zi, Z2 G r(TX). Clearly, (i7r^(^) = Zj. By 
definition 

Vj^^2 = fXA^Vi;Z2, 
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so that 

Torv^(^ri, ^2) = Vj^^2 - Vj^^^i - [^u 1.2] 

= aAri^l Z2 -V£ Zi -[Zi, Z2]) - F^^(Zi, Z2) 
= (jA^(Torvx(Zi, Z2)) - -F4^(Zi, Z2). 

Now suppose that ^ = (0, Z^) G TX x TF ~ TJ^, where Zi, Z2 G r(TF). V^^^2 = 
TT^Vzi Z2 and [^1, ^2] = vr^[Zi, Z2]. This imphes that 

Torv^(^i,^2) = 7r^Torv(Zi,Z2). 

Finally, suppose that ^ = (Jj^tZx and = (0, Z^?), where Z^? G r(TF) and 
Zx G r(rX). By definition 

Torv^(^i, ^2) = Vj^^2 - Vj^^i - l^K, ^2] (A.4) 
The second summand in the left hand side is equal to zero: 

On the other hand, if we view as a map ^ : JF ^ TjF, then 

We may write the lift as cta(^) = for any field W G r(TX), where 

s G Then one easily sees that = (Zx,s(Zx),0) and that crvv(^^) = 

(Zx, '^sT/' 0- -'■^ addition, (ig^j^^ = {0,dg;F Zp), so that 

Vj^^2 = (0,Vr^ Zf) + (0,fi(s(Zx))Z^). 

Finally, the right hand side is equal, by lem ma |A.1.2| , to (0, [s{Zx), Z^]), which is equal 
to [3^1, ^]. Hence the whole expression in ( |A.4 ) vanishes. □ 



A. 2 Actions of compact groups on manifolds 
A. 2.1 Left and right actions 

We recall that an action of a group i^' on F is said to be on the left (resp. on the 
right) if for any g,g' G K and any a; G -F we have {gg') ■ x = g ■ [g' ■ x) (resp. 
{gg') ■ X = g' ■ {g ■ x)), where • denotes the action. The following lemma is rather 
elementary, although of crucial importance in the computations. 

Lemma A. 2.1. Suppose that a Lie group K acts on F on the left (resp. on the right). 
Let be the field generated on F by the infinitesimal action of an element s G 6. We 
then have 

(resp. \2^si '^s'] = ■^[s,s']) for any s, s' G t. 



Proof. See for example 



IBeGeV i 



p. 208. 



□ 
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A. 2. 2 Stabiliser groups 

Let F be a compact manifold and K a compact Lie group. Assume that K acts 
smoothly on F (say, on the left). Let x e F^ be a fixed point of the action (that is, 
k ■ X — X ior any k & K). Then there is a linear action of K on the tangent space at x 

p:K^Gh{T,F). 

Take a A'-invariant metric g on F. The exponential map exp^ going from a neigh- 
bourhood [/ of e T^F to a neighbourhood F of x e F is a X-equivariant diffeomor- 
phism. Hence a neighbourhood of x G F^ G F is diffeomorphic to a neigbourhood of 

G TxF^ C the fixed point set of the linear representation p. This proves the 
following lemma. 

Lemma A. 2. 2. The fixed point set F^ is a finite union of disjoint smooth suhmani- 
folds of F. Furthermore, if Fi, . . . , Fj. are the connected components of F^ and x G F^, 
then 

dimFfe = dimT^F^. 

Lemma A. 2. 3. Suppose that K is abelian. Then the set of subgroups of K arising as 
stabilisers of points in F is a finite set. 

Proof. Let x G F, and let = StahRX. Set T = K/S^. For any y G F, let S'y 
be the projection on T of Stabi^ y. It is easy to see that there exists a neighbourhood 

C T of the identity such that no nontrivial subgroup of T is contained in T^. 
Hence, if there is a sequence Un ^ x such that 5*^ 7^ 1, then 5^ 7^ 1 as well, which is a 
contradiction. This implies that there is a neighbourhood Ux of x such that any y & Uy 
has stabiliser contained in S^- On the other hand, the preceeding reasonement for the 
group implies that a small neighbourhood of x is S'^-equivariantly diffeomorphic to 
a neighbourhood of in the space T^F. But the set of stabilisers in of points in 
T^F is finite (to see this, just split T^F in eigenspaces) . Consequently, if Ux is small 
enough then the set of K stabilisers of points in Ux is finite. Taking a finite subcovering 
of {Ux \ X & F} (recall that we are assuming F to be compact) we get the desired 
result. □ 

For any connected component Fj of the fixed point set F^ we have an action of 
K on the normal bundle Np^Fj) lifting the identity on Fj. Fix any maximal torus 
T C K. Since the group K is compact, the weights of the representation at TxF for 
X G Fj are the same for all the points of Fj. Hence wc may talk about the weights of 
the representation of K on NpiFj) and they form a finite set. 

Definition A. 2. 4. The action of K on F is called almost-free if the stabiliser sub- 
group Stabx X of any x & F is connected. 

Lemma A. 2. 5. Suppose that K = S^. An action of on F is almost-free if and only 
if it is free at the complementary of the fixed point set F^ . In this case, the weights 
of the representation on the normal bundle of any connected component Fj of F^ are 

1 or —1. 
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Proof. The only connected subgroups of are the identity {1} C and S^, and 
the first claim follows. We now prove the second claim. For any x G Fj the tangent 
space splits T^F — ®Vx, where acts on Vx with weight w{\) and where dimKVx 
is 1 if w{\) = and it is 2 otherwise. The trivial representations span the tangent 
space T^F^ . Any a; G Va \ {0} such that w{\) ^ has as stabiliser the cyclic group 
of |w(A)| elements. So if not all w{X) belonged to { — 1, 0, 1} then there would be some 
V G TxF with stabiliser Z/mZ, where m > 2. Finally, since exp^ is 5*^ cquivariant for a 
(S'^-invariant metric taking v small enough we would get a point exp^(i>) G F whose 
stabihser would be exactly 'Ljm'L. Hence the action would not be almost-free. □ 

Remcirk A. 2. 6. An action of K on F which is free in F \ F^ is called semi-free. 

Corollciry A. 2. 7. Let act on F nontrivially in an almost-free way, and letx belong 

to the fixed point set F^ . Then the induced representation of on T^F has at least 
one weight equal to ±1 (and those which are not equal to ±1 are equal to Oj. 

A. 3 Principal bundles on a compact Riemann sur- 
face 

Let K be a compact connected Lie group and let X be a compact connected Riemann 
surface. Let us write Pk{X) for the isomorphism classes of X-principal bundles over 
X. 

Let Xq E X be a fixed point and let X* = X \ {xq}. Take any E G Pk{X). 
Since X* is homotopic to a bouquet of circles, the restriction of E to X* is trivial. 
On the other hand, E restricts to a trivial bundle on a small disk D around xq. Let 
us fix trivialisations of E\x* and of E\£). The topological type of E is described by 
the homotopy class of the transition function 7(-E') : D fl X* ^ K relating both 
triviahsations. Since D fl X* ~ S*"*^, we get an element "^{E) G tii{K). 

The following lemma is easily proved. 
Lemma A.3.1. The map 7 : Pk{X) — > t^i{K) is a bijection. 

We define a map r] : Pk{X) H2{BK]Z) as follows. Let E G Pk{X) and let 
^0 e [X,BK] be its classifying map. We set r]{E) (^o)*([^])- 

Lemma A. 3. 2. The map 77 : Pk{X) —>■ H2{BK;Z) is a bijection. 

Proof. Since 7ri{BK) — 0, the Leray-Serre spectral sequence applied to X — > 
EK BK tells us that 

El^ = HpiBK;H,iK;Z)) ^ H,+,{EK) = 0. 

From the fact that the sequence converges to zero we deduce that the map d"^ : 
EIq — > £'q_i must be an isomorphism. But we clearly have E^q — H2{BK;Z) and 
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^0,1 



Hi{K; Z), so we obtain d"^ : H2{BK; Z) — > Hi{K; Z). Using the canonical iso- 
morphism Hi{K; Z) ~ 7ri{K) (since K is a. Lie group 7ri(i^) is abehan) we may consider 
(Por] a.s a map from Pk{X) to tti{K). Now, tracing the construction of the Leray-Serre 
spectral sequence (see for example [|McCl|| ) one easily verifies that d"^ o rj = j. Hence 
by lemma [A.3.1| rj is a bijection. □ 



A. 4 (Co) homology classes in fibre bundles 

In this subsection all the (co)homology groups will be taken, unless otherwise stated, 
with coefficients in Z. 

Lemma A. 4.1. Let F will be a left K space. Let E ^ X he a K principal bundle on 
a topological space X, and let = E F. There is a natural map H^{F) — » H^{T). 



Proof. We define the map by taking any point x G X, trivialising the fibre E^ — K 
and using the induced trivialisation JF^, ~ F to map H^{F) — > H^{Tx) H^{T), the 
lattest map given by the inclusion JF^ C J^. This is well defined because the system of 
local coefficients 7-^*(jF^), where x G M, is trivial. Indeed, since K is connected, the 
action of K on H^:{F) is trivial. See p. 154 in ||McC| for a definition of a system of 



local coefficients. □ 

Proposition A. 4. 2. Let E ^ X be a K principal bundle over a finite CW complex 
X . Let c : X —>■ BK be the classifying map for E, and let (j) : E c*EK be any 
isomorphism (in other words, cf) is a K equivariant map from E to EK). Let F be 
a finite CW complex with a left continous action of K, and let = E F and 
Fk = EK Xk F. The map x id : x F — > EK x F descends to a map ip : ^ F^- 
Let g : E ^ E be any gauge transformation, and let g{J^) : T ^ T be the induced 
gauge transformation. Then 

ijj* = ip^g{T)^ : H^{J^) H^{Fk) 

and similarly ^* = g{T)*^* : H*{Fk) H*{J^). 

Proof. For a very readable explanation of the techniques used in this proof see 
chapter 7 in ||McCl|| . We prove the statement on homology. Let DGAlg be the 



category of differential graded algebras over Z, and let T be any object in DGAlg. 
Let DGModr (resp. DGrMod) be the category of differential right (resp. left) 
modules over F (these modules are in particular modules over Z). For any object M of 
DGModr one can define the tensor product functor M(8>r" : DGpMod — > DGpMod. 
This functor admits right derived functors Tor^(M, ■). Suppose that A is another object 
of DGAlg, M' (resp. A^') is an object of DGModA (resp. DGAMod) and that there 
are maps / G MorDGAig(r, A) g G MorModz (^, and h G MorModz ( A^, A^') (here 
Modz is the category of Z modules) satisfying the obvious compatibility relations. 
Then there is a natural map Tor-'' {g, h) : Tor^(M, A^) Tor^(M', A^')- Furthermore, if 
f,g,h induce isomorphisms in homology, then Tor^(5f, h) is also an isomorphism (this 
is a theorem of Moore; see corollary 7.6 in | McCl|| ). 
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The actions E x K ^ E and K x F ^ F give C^{E) (resp. C*(F)) a structure of 
differential right (resp. left) module ofer C^:{K) (C*(X) denotes the module of singular 
chains in X). A theorem of Moore (see theorem 7.16 in [|McCl|| ) asserts that there is a 
natural isomorphism 

9, : Tor^*(^)(C,(E),a(F)) ^ H,{E Xk F). (A. 5) 

Let now g : E E he any gauge transformation. This induces a morphism g^, G 
Mot{C^{E),C^,{E)) as differential right module over C*(i^) (thanks to equivariance 
under the action of K on the right: the action of the gauge group is on the left). Let 
p : EK —>■ pt be the map sending EK to a point. Since EK is contractible, p induces 
an isomorphism in homology. Consider now the following diagram 

Tor'^^* W(a(i?), a(F)) -^^^I^^^ Tor^-(^)(a(i?ir), C^F)) 



Tor'<^(9,,id) 



Tor"'' (0,, id]. 



Tor''^(p,,id) 



Tor<^* (^) (C, (E) , (F) ) Tor^* (C, (pt ) , (F) ) 

Since ijj^ corresponds to Tor''^(0^,, id) and g{J^)* to Tor"^((7*, id) through the isomor- 
phism (|A.5|) , we have to prove that 

Tor''^(0„ id) = Tor'<^(0„ id) o Tor''^(^„ id). 

But since p0 = pipg we clearly have 

Tor'^(p„ id) o Tor''^(0„ id) = Tor'^(p„ id) o Tor''^(0„ id) o Tor^'^(^„ id) 

and, since Tor'^(p„id) is an isomorphism, we are done. 

The claim on cohomology is proved following exactly the same technique, but using 
differential comodules over C*{K). □ 

Corollary A. 4. 3. Given E X and F as above, there are canonical maps 
p,:H,{T)^ H,{Fk) and : H\Fk) ^ H\T). 

Proof. We put p^, = ip^, and p* = ip* , where if) is as in proposition [A.4.2| . The 
only extra choice made in the definition of ip was a K equivariant map cj) : E ^ EK. 
Any two such maps 00, 0i are related by a gauge transformation: 00 = (pig. Then 
proposition |A.4.2| implies that the corresponding maps ipojtpi : J-' Fx induce the 
same maps in (co)homology: -^o* = V^i* and ipo = V^i- D 

Remark A. 4. 4. Observe that the map p does not only depend on the bundle T : it 
depends also on the structure group K (this is obvious!) and on the particular K 
principal bundle E X such that T = E x^ F. When this is not clear from the 
context we will write p{E) or p{K, E, F) instead of p. 



Finally, we quote the following trivial corollary of the definition of the map p*. 
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Corollciry A.4.5. Consider a map of principal bundles 

E—^E' 

X >X'. 

Then the map p*^ : H*i{F) H*{E x^i F) is equal to R*fP*e>, where p*^, : H*i{F) 
H*{E' X51 F) and where R*p : H*{E' X51 F) H*{E X51 F) is given by the map 
Rf : E X51 F ^ E' X51 F induced by R. 
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